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Etooywyn

Y10 xévipo Tng oVyyxpovrs lewpetplog Pploxetor 7n xotavonon twv ewpetpoixoy xo
TomoAoyixwy avorrolwTwy yior ToBoAoytxolsg xwpeovs. Ilapoadelypoto TETOLWY YWEW®Y TOL
TOPoLOLALOVTAL UE QLOLXO TEOTO ot ['ewpetpixd mEoBAMuata, xobwe xar os TEORAUOTO
Avérvorg, eivor (Pevd0)TOMATAGTNTES LE SLUOTOWUATWOY, OTIWS TOAATAGTATES e GVVOQO,
Ywvieg, axpég, xAm. oA peyoAdtepn moaboroyiaw mopovotdletal o YWEOLS-TINALXN, OTTWG
0 YWEOS TWY TEOYLWY €VOG SuVOULXOD cuvoTHUoTos. Kot avtol ov ywpol Topovatdlovtol
oe agbovia. Ev yével, onuepa 1 Iewpetplon xodeitonr var xotovooel TOAAG TEQLOGOTEQN
ToEASElYLoTo TRHOAOYIXWY YWEWY, ATt OTL AslwY TTOAAXTAOTATWY.

To 6711 oL xAaooixég [N'ewpetpinég/Tomoroyixég Lébodot dev PToPOvLY Vo EQUEPUOTTOVY OE TETOLEG
TaHoAOYLIXEC TTEPLTTHOELS, evToTieTar 611 SovAeld Tov (Stov Tov Riemannl. Mix mpdraom
TTPOG TNV XATeVOLYON TNG AVTULETWOTILOYG TOVG, p)eTal amd to Hewpnua Gelfand-Naimark: H
€ elvol Vo oVTLXOTOUOTACOVUE TETOLOVG TAHOAOYLXOVG YWEOVS aTd XATEAAANAES GhyePBpEg
tedeotyy (un-petobetinég), oL OTOleg XOTOOXELALOVTAL YEVOLUOTOLDOVTOS TLG OLWUETOIEG
T0V exdoTote YWPEOL. Ol INTOVUEVEG YEWUETOLXEG/TOTTONOYLXES OAVOANOIWTEG AVOUEVETOL VO
EVTOTILOTOVY 0T Qaopotixn Oewplo oty Twv TeAeatwyv. Eidwdtepa, 1 xotovonoy Ttov
Qaopotog TeAectwy tiTov Laplace mailel Tov x0pLto pdAo oty cEaywyn TwY TALTOOUEV®Y
Iewpetpndyv/TomoAoyxwy TANEOMOELKY.

2%0THG TOL ONUELWUOTOS QUTOD ELVOL 7] CLUVOTITLXY] TTOPOVGLOGY, OQLOUEVWY OTTOTEAECULATMY
eEoywyng 'ewpetpinedy ko TomoAoyixwy ovoAAolwTwy amd to @douo Tov teAsoty Laplace-
Beltrami.

YuyxexpLpéva, 6cov apopda ot N'ewpetplia, Teptypdpovpe to Hewpnuo tov H. Weyl ov cuvdéet
ToV 6YXO0 UE OLTO TO PATpo. ZYeTXA e Ty TomoAoyio, opytxd Sivovpe ™y aUYYEOVY] ATTOdELEN
Tov Bewpnuoatog Gauss-Bonnet w¢ pepixy] meplmtwoyn tov Bewpnuotog Atiyah-Singer oyetixd
UE TOV aVOALTIXO JeixTn evhg EAAELTTIXOU dLowpoptxol TeAeaty. Koatémiy oculntdpe mwg to
Bewpnua Atiyah-Bott cuvdéet Tov avaAvtind Seixty pe To oo Tov TeAsoTy| Laplace-Beltrami.
H BiBAoypapio Tov mopoatifetal Oo umopodoe va amoteAéoct opyn yio Bodtepn xow evpdtepn
KEAETTN LTV TV LOEWY, Ldnd To apbpo emtondTong [B] xar to BifAio [E].

'B. Riemann, On the hypotheses that lie in the foundations of Geometry: “...it seems that the empirical notions
on which the metric determinations of space are based...lose their validity in the infinitely small; it is therefore quite
definitely conceivable that the metric relations of space in the infinitely small do not conform to the hypotheses of
geometry; and in fact one ought to assume this as soon as it permits a simpler way of explaining phenomena.”



No onuewdhoovpe emTAEOV OTL N OVAYXN YL XXTAYONOY, TV ToHoAoyixddy ywpwv E€xet
ovopopEWaoeL  Spopotixd TY, olyyxpovn [ewpetplio. Ov 3éeg mov TEPLYPAWYOLYE GTO
oNuelwpo owTd, aToTEAOVY TNV amapyn ™ Mn-Metabetinng N'ewpetpiog [2], n omolo xdvet
toxvEY xonon “hard” avdéivorng Fourier, 6mtwg Pevdodiopopixd AOYLOPO %ol OTTELPODLACTHTES
ovamapootaoels. EmimAéoy xaver yonon K-Oswplog, pio xot eivot n xot@AAnAn akyeBoixn
YAOGoO Yior TNV ToELYOUNOY AAYEBPWY TEAETTOY.

Zymuatixa, o propodoe xavelc vor avopwtnbel mwe yivetow avttAnmty v OepeAiddng évvola
Tou onuelov ot My-Metabetixn Newpetpio. H améavinon eivow 6tt, 1 poévn vAomoinoyn g
€vvoLag Tov oMUElOL TToL ETLPLVEL aveEqpTnTar amd Ty Ttaboroyio TOL TapovaLaleTaL, eivor
EXELVN TNG TETPLLUEVNS OVOTTOLRATTOTYG.

1 “"Eva Ocopnpo tov H. Weyl

EEXLYOVUE TEPLYPAPOYTOS TO TTPWTO ATTOTEAEGLOL TTOUV CLVIEEL TO PACUA TNG ATTAXGLOVNG e
70 Boaond 'ewpetoind péyebog tov eufadod. To amotéAcopo avtd 360nxe amd Tov Hermann
Weyl o 1911 [B] [6].

‘Eotw A € R? éva eninedo ywpto. 'Eotw o Stoupopixdg teheotic de Rham d : Q*(A) — Q*F1(A),

omov Q*(A) ot draoptxéc Loppéc ato A. Xpmotpomorwvtog Ty ouvriiopévy Euxieideta

LETELXY, 0ptleton 0 Suinde Teheatig d¥ : 2 (A) — Q*1(A). Oewpodue TOV YOOUULXOS TEAEGTHC
A =dd* +d*d: Q*(A) - Q*(A)

Eivor avtoouluyng Stapoptnds tedeothg TaEng 2 xo Aéyetor teAeotg Laplace-Beltrami.

"Evog aptbpog A elvar tdtotipy] Tov tTeAea T avtod dtav txavorotel to TpodBAnue Dirichlet
Au = AMu, ulga=0
XPNOLLOTTOLOYTOG TO PATUATIXG DedpNUa amtodetxvdeTaL OTL OL LOLOTLUES TNG A (Vo TNG LOPPNG
O<AMi<X<..., \y<oo,neN

(Edd, n axorovbio A, dev éyet memepaopévo 6pLo.) Ta xdbe X € R, éotw N(A) o aptBudg twy
WtoTipnddy ™g A Tov Bploxovtor ato dtdotnuo [0, A].

O Hermann Weyl [B] [B] amédette to embuevo amotéAeopn, mov Aéel 6Tt To euPaddv oty
EvxActideia N'ewpetpio xabopiletar amd tig tdotipuég Tov teAeotn Laplace-Beltrami:

lim N(X) _ Area(A)
Ao A 2w

1.1 AcvpmToTXY ETEXTOOY
"BEotw (M, g) pta (C*) oopmoyng ToAamAdtyto Riemann Stéotaong n. Onwe moty, Bewpodyue
Tov teAeot Laplace-Beltrami A = dd* + d*d : Q* (M) — Q*(M).

Apod o A eivor avtoovluyng, O€yeton cvvapTnoLtaxd Aoytoud. Koatd cuvéneia, yia xébe t € R
optletar 0 OAOXMPWTLXGC TEAETTE e, O tedeotig awtdg eivon trace class. Av p(t, z,y) eivow
o mopfvac Schwarz Tov e 2, T6te 10 p(t, , ) éxeL AoLUTTOTLXY eméxTaon (t — 0) TNC LopPYc:

(dmt)=2 Y ()t
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6mov oL oLYTEAEOTEG uj(z) eEoptdvtan amd v xoumuAdTTH Tg M. OAoXANEWVOVTOS TNV
exppoom ot entl Tg M Tallpvovpe TNV TEOCEYYLOT

tr(e™™) ~ (4mt) 72 Y (c;t))

Amé 1t oxomid oy, To atotéAsopa Tov Weyl Adel 4Tl 0 oLVTEAEOTYG ¢ Elva 0 dyxog tng M.

2 TomoAoyxég avoArolmwTeg ot TO QAcpa Tov TeAeoty] Laplace-
Beltrami

21 Emoxomnoyn tov Ocwpnpoatog Gauss-Bonnet

Yrevbopilovpe t0 xAacokd Bewpnuor Gauss-Bonnet: ‘Eotw ¥ € R? wo empdvero (xwpic
obvopo) pe xapmuAGTtar Gauss K xow yopoxtnptotixy Euler x(X). Téte toydet

LKzﬂm

H yevixevon tov Oewpruotog avtod oe ploe TEOGOVOTOMGWUT ToOMaTAGTTor Riemann (M, g)
dwaotaong 2k, €xel wg €€ng:  Oswpodue TN ovvoyn Levi-Civita VI xow v avtiotouym
xaumoAoT T Q9 0 TM x TM — End(TM). Abyw TEOGOYVATOAGLULOTNTAS, UTTOPOVUE VO
emAéEovpe xotdAAA0 TAaioto (Bdom) tng epamttépevrg déoung, wote xdbe mivaxog QI(X,Y)
VoL EVOIL aYTLOLUIETELXOG Xo vo. éxel otafepd mtpdonuo (SnAady vo (et oty opddoa SO(k)).
TCevixd, av évog k x k mivorag A (mporypotixde) txovororel A = — AT, opileton 10 TOALGYLIO
Pfaff Pf(A) ané ™ oxéon
(Pf(A))? = det(A)

Mo copadetypo, av k=1 xow A = (121 12
wg ebig: Pf(A) + ﬁ(ﬂhz — T91) = T19.

Opiletonr M Stopoptxn 2-popen eu(M,g) = ﬁPf(Qg) XOL N YOEOXTNELOTIXY ¥xAdon Euler

) 0oL 113 = —x21 TO ToALWYLPO Plaff voAoyileTo

e(M) = [eu(M, g)] € HIE(M). e owtd to mAaioto, To Becdpnuo Gauss-Bonnet yivetow:

. ean =xan

2.2 To Oswpnuo Gauss-Bonnet wg pepxn mepimtwon Tov Oewpnuatog Atiyah-
Singer

Ag Bewprigovpe Tpo Tov Stapopixd teheoty Dirac D = d* +d : H5%(M) — H3(M). Efvou
€vog EMELTTTLXOG TEAEOTNG, 0OTE amtd To Oewpnuor Atkinson mpoxdmter ot elvar Fredholm,
dnAadn dim(kerD) < oo xau dim(cokerD) < 0. Opileto Aotmdy o “avauTtixdg Seixtng” Tov D:

Indy, (D) = dim(kerD) — dim(cokerD) € Z
To Bewdpnua Atiyah-Singer [l] Sfvelt tov emduevo TOTO YLt TOY LTOAOYLOUO TOL AVOAVTLXOV
deixtn:

Indg, (D) = JT*M ch(o(D)) A Td(M)
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Ed T'd(M) eivan n yopoxtnototxy xAaon Todd g M, o(D) eivor t0 Tpwtedoy cOUPoA0 Tov
D (yioo v oxpifetor q x¥Adon tov oty K-Oewpio) xat ch(o(D)) n aviiotown xAdon Chern
(péow Tov yopoxthpo Chern).

[Tpoxvmter 6t t0 Seki pérog g todmrag awtig toodtar pe §,,e(M). Oco yia 7o
opLotepd U€log, omd Oewplo Hodge mpoxdmter 611 0 ovoluTtixdg Seixtng toodtor pe
Zle(—l)idim(HflR(M)), o omoto eivar axpLBug N yopoxtetotixn Euler x(M).

2.3 X20vdeom pe to @aopo tov tedeotn Laplace-Beltrami: To Oswpnuo Atiyah-
Bott

H oyéon petakd twy teAcotwyv Laplace-Beltrami xow Dirac eivou:

A =D*D

AapBavovtag vT’odLy avtd xor To amotéAeouo Twy Atiyah xar Bott mouv mepiypdpovpe
TOPOXAT, TTALPYOLUE TNV GVYSECT TOL TOoTOAOYLXOD Hewpnuoatog Gauss-Bonnet pe 1o @aopo
Tov teAeot Laplace-Beltrami.

Mo va mepiypadovpe 10 amotéAcopo twy Atiyah xor Bott, Eextvodue amd évav tuyaio
EMELTTTIXG SLopopixd teAeot A. I'vwpilovpe 4Tl oL un Undevixég LOLOTLUES TWY U TOGLLVLYWY
TeAeoTwV A*A xow AA* elvan {oegg, opov:

A*Au = dhu < AA*(Au) = \(Au)

‘Eotw f plo ovvexng ouvépton wote ol teAeotéc f(A*A), f(AA*) elvon trace class xow f(0) = 1.
Tére:

dim(ker A) — dim(cokerA) = dim(ker(A*A)) — dim(ker(AA*)) = tr(f(A*A) — f(AA"))

E@opuélovtoc to Topaméyve atov teAeath D xan ty ouvdptnon f(A) = e~

TLPVOLLE:
Indgn (D) = tr(e tP*P — ¢~tPD¥)

v xébe t > 0. (Kotémy maipvovpe to 6pLo yLow t — 00.)
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Motivation 1

» Index theory: M closed, odd-dimensional manifold, D elliptic
differential operator on M. Then Ind(D) = 0.

» Many manifolds come with extra structure which determines a
distribution. e.g. contact manifolds (odd-dimensional).

» Hope: Hypoelliptic + self-adjoint Laplacian along the
distribution: Study its spectrum; Obtain new operators (heat,
wave, etc).

» Lots of interesting distributions of non-constant rank around:
Sub-Riemannian geometry...



Motivation 1: Example (constant rank)

» Action S! x §2n+l _, §2n+l (., Reeb vector field &

v

Projection 7t : $2n+1 — §2ntl/gl — Cpn

v

Distribution (constant rank) H = 7t*(TCP™) on $?™+1. Put

K
An =) W3
i=1
where {W1y, ..., Wy} orthonormal frame of H.

v

H = ker @ where 8 € Q!(S?™*1) contact form:

0(§) =0, do(§,X)=0forall X, 6 A (d6)™ volume form

v

Let v : 2™+ — M(r, C). Study index theory of:

Py = W(E® Ir) + (AH) ® I

(It's Fredholm when Al —y(x) € GL(n, C) for all x € $*™*! and
Ae{...,.m—4, -2, —nnn+2,n+4,...})



Motivation 2

Cheeger, Jeff . On the spectral geometry of spaces with
cone-like singularities. Proc. Nat. Acad. Sci. U.S.A. 76
(1979), no. 5, 2103-2106.

Analysis on complement of singular locus:

v

Hodge thm: L2-harmonic forms are 12-cohomology...

v

(L?-cohomology dual to intersection homology.)

v

Laplacian admits functional calculus: heat, wave operators

v

Asymptotic expansion of trace of the heat kernel: Euler class,
Gauss-Bonnet formula, Hirzenbruch signature thm

Cheeger, Jeff ; Goresky, Mark ; MacPherson, Robert .
L2-cohomology and intersection homology of singular
algebraic varieties. Seminar on Differential Geometry, pp.
303-340, Ann. of Math. Stud., 102, Princeton Univ. Press,
Princeton, N.J., 1982.



Main ingredient: Singular foliations (A + G. Skandalis)

v

(M, F) where F a C*(M)-submodule of X.(M): locally
finitely generated, involutive.

v

Holonomy groupoid Hol(F5¢): Very "bad”, has nice
submersions: bisubmersions.

v

Strict definitions on bisubmersions. Quotient to Hol(¥):
» Densities v~ Foliation algebra(s) C*(¥), C¥(9)

» psdo kernels with singularities on identity v~
Longitudinal psdo multipliers: W*(F)

» 0 — C*¥(TF) »Wo(F) L Co(T*) - 0

v

compact M, Ay = X3 + ... + X2 elliptic multiplier.

10



Constant rank 1: Horizontal Laplacian

Consider (M, H, g, u):
» M compact connected manifold;
» H smooth subbundle of TM;
» g smooth inner product on C*(M, H);

» i smooth positive density on M, whence inner product on
C*(M).

Horizontal differential diy : C*(M) — C*(M, H*) duf = df|n
Adjoint df, : C*(M, H*) — C*(M)
Horizontal Laplacian Ay := df;dy. Acts on C*(M).

Ay is essentially self-adjoint on L?(M, p).
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Constant rank 2: Expressions for Ay
> (Anwu) = §y fdnu(x)[5de(x), ue C*(M).

» X1,...,Xq (local) orthonormal frame. Ay|q = Zle X¥Xi.

» If H=TM, locally g = }; ; gijdxidx;. Choose weight
w=p(x)dxq...dxn. Then:

If w(x) = +/det(g(x)), get Laplace-Beltrami operator.

» If H involutive, take foliated coordinates (x,y) € R¢ x R*—4:

1S 0 /. 0
- 1) -
Ay 2 o <9 (x,y)u(x,y)aX)

i,j=1

is leafwise elliptic. Different from family of Laplace-Beltrami
operators of Riemannian metrics along leaves.
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Constant rank 2: Longitudinal calculus
Let (M, H, g, 1) as before. Put H = C*(M, H) and

Fac = [H, ..., [2 H]]

Assume Fq¢ is locally finitely generated, i.e. a (singular) foliation.
Sobolev scale: For s > 0, consider:

As € W3 (Fq¢) with symbol (1 + |[&]|)® on every bisubmersion
Put

H* (Foe) = {ue LX(M) s Aque E(M)}, - uf? = [Asu)® + Ju?

Ay is hypoelliptic on Sobolev scale H* (F):

There exists € > 0 such that |u[2_ . < Cs ([Anu]2 + [ul?),
where || - |5 is the norm in H* ().

If wue H®(F}y) such that Ajyu e HS(Fy) for some s € R,
then uwe HST¢(Fyy).
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Constant rank 4: Spectrum

Let T the holonomy cover of a leaf L of Fyy.

» Spectrum of Ay (as an operator on [2(M, p)) is o(Ap).

» Leafwise spectrum of Ay is

or(An) == | J{o(Ar) : L e M/Fs}

05 (An) = 0(An)
If the holonomy groupoid is amenable, then o(A) = o5(An).

v

Proof.
When Fyy regular, can construct parametrix following
Rothschild-Stein. ]
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Smooth Distributions (Generalised)

v

M smooth manifold,
D a C*(M)-submodule of Xc(M),
U < M open

v

v

v

restriction D|y is C*(U)-submodule of X(U) generated by

f-X|lu feC®(U), XeD

v

Say D is locally finitely generated if every x € M has open nhd
U and Xy,..., Xk € D such that

Dlu = CEMU) - Xqlu + ...+ CL(U) - Xk|u

Smooth (genrealised) distribution: (M, D) locally finitely generated
C*®(M)-submodule of X.(M).
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Examples

Foliations (singular): (M, J) as above, + involutive:
[F,9] < 7.

e.g. F all vector fields of R? vanishing at origin. Equivalently,
action of GL(2,R)...

Not(!) foliation: M = R2, D =(dy,e 2dy)

Sub-Riemannian structures. General picture:

» Agrachev et al, Bellaiche: Anchored vector bundle p: E - TM

» D =p(T.E) € X (M).

» Contact structures, Heisenberg group, all non-equiregular
Sub-Riemannian str.,

(D) =[D,...,[D,D]]. Sometimes it's a foliation... Not(!)
for example 3!

@ When M is Sub-Riemannian: U(D) = X.(M).

16



The problem

Attach to any smooth distribution (M, D) a "sum of squares” Lapla-
cian
Ap : CE(M) = CE(M)

in a geometric way. For real spectrum, needs to be self-adjoint.
What about ellipticity?

Ingredients for (geometric) Laplacian:
» “Horizontal” differential d.
» Riemannian metric.
» Adjoint dJ,.

17




Local presentations, Part |

Restriction of (M, D):

Let xo € M. In an open neighborhood U about xg, D is generated
by X1, ..., Xx, so D|y comes from an anchored vector bundle:

» Eu=UxRk > U
»putBu—TM, pu(y, (A, ..., A)) = Z]-le AiXi(y)

Number of generators k can be chosen to be minimal:

If the classes of Xi,..., Xy € D are a basis of the vector space
Do = D/IyD
then X1|u, ..., Xx|u are generators of D|y.
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Local presentations, Part [l

v

Dy, is the fiber of D at xp.

v

There is an evaluation map evy, : Dy, — Dy, < Ty,M.

v

Dimension of {Dy }xem upper semicontinuous.

» pu : Eu — TM is a minimal local presentation of (M, D) at
X0-

Example: M = R?, F = (x0x, yox, X0y, yoy)
> (x,y) # (0,0): Fixy) = R
> 97(0'0) = R4
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Equivalence of local presentations

Let U, V open neighborhoods of xg. (Ey, pu) and (Ev, pv) are
equivalent if there is nhd W of xo and (Ew, pw) such that:

Eu (2)

» This is an equivalence relation!

» Any local presentation (Ey, pu) at xp maps surjectively to a
minimal one at xg.

> Any two minimal local presentations at xq are isomorphic.

> Any two local presentations at xg p;: E; > TM, i =1,2, are
equivalent! (Easy: Put Ew = E;1 X, ,p, E2.)

20



The dual of a distribution
Put D* =, .cpm Di.

Locally compact with the finest topology making these maps
continuous:

projection p : D* — M, q(x, &) = x;

dx : D* = R, qx(x, &) = (&, [X]x).

Smooth

The ones which make sense of non-degenerate pairing

(o )i CEM, D¥) ®caom) D — C (M)

w* e C?(M, D*) iff for every x e M
Wi = Pl o w*

where wy; is some smooth section of (Ef;, pu).
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Smooth Riemannian metric of D*

Smooth family of inner products { , »px 5 on D%:

() Hpx : CP(M, D*) x CP(M, D*) —» C*(M)

Local constructions:

» Restrict an inner product (, )g, of Ef to pf (D) < Ef,.

» Equivalently, for every & € Dy put

[&] = {Iwley - w e Eu, bx(w) = &}

> px : Eux — Dy Riemannian submersion

» Different choices of local presentations induce difference by
ID. Whence {( , )p« depends only on choice of inner
product of local presentations.
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Example 1: vector fields in R? vanishing at origin

M = R? F generated by

X11 = x0x, X12 =Y0x, Xo1 =x0y, Xz =ydy

» Take E = R? x R* with the Euclidean inner product. Put
p:E—TM, Pxy)(€ij) = Xij(x,y)

> At (x,y) # (0,0), the Riemannian metric on 57+ =R? s

m(dx2 + dyz)
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Example 2: Heisenberg group

M =R3, D ={X,Y) (projective), where

1 1
X — ax + 5961, Y — ay + §Xaz

So DE“Xy ) = R? at every (x,y,z) € R3.

Section w : R3 — D* is w(x,y,z) = (w1(x,y,2), w2(x,y,2)).

Put g the Euclidean metric on R3 x R?. We find

lw(y,2)[§-1 = (w1(x,y,2)* + (wa(x.y, 2))?
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Remark: Riemannian metric distinguishes singularities...

Take M = R with foliation F = (b0 ), where ¢$(0) = 0.

e.g. d(x) =x or x? or x*... Then:

» ¥y = R for any ¢

> but metric is dx? (away from zero).
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Horizontal dp

C2(Uu) —= Ql(u)

ev* pk

C® (U, D*)

» dp : CP(M) — CE(M, D*) defined by dp = ev*od
> dex 1 CT(U) — CE(U, BYy) defined by dgx = pfjod

» “Local presentation”:

dEﬁ = 6{1 odyp.
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Example: Vector fields of R? vanishing at origin

v

X11 = x0x, X12 =Y0x, Xo1 =x0x, Xz =Y0y

v

At (0, 0) take Ey = R2 x R4, pu(ei]‘) = Xij
» For o = ot (x,y)dx + oo (x,y)dy in QL(R?) we find:

(x0x, ) = xx1(x,y), (xOy, &) = xat2(x,y),

Yox, ) =yaar(x,y), Yoy, ) =yoa(x,y)

v

So, for f € CP(R?) we get:

de, f(x,y) = xfx(x,y)ers +xfy(x, y)elr +yfx(x, y)es; +yfy (x,y)e3,.
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Horizontal dj), Part |

Fix Riemannian metric on (M, D) and positive density 1 on M
» Inner product on CZ(U, Ef)):
(Wi w*u,2)L2(U.,Eu,p) = fu<wﬂ1(y): wﬁ,z(U»Eﬁx du(y)
Put d?{’j : CL (U, Ef) — CL(U) by

(d"é;gwﬁ, “)L2(u,u) = (wﬁ dE;‘j (X)L2(U,E{’j,u)

for all wi, € CL(U, Ef)) and e CL(U).
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Horizontal dj), Part Il

» Inner product on C¥ (U, D*):

(w, W )2(pm, D% ) = fM<w, W Hpx (x)du(x), w,w e C®(M,D*)

» If w* e CP(U, D*) has local presentation wj; € CX(U, Ef)),
put

dp,u(w®) = dgx (wyy)

Hu s CE(U, D¥) — CF(U) is adjoint to dp|u. }
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Horizontal dj), Part Il

If (Eu, pu), (E\/, pv) suchthat UNnV #

(dp,u(w?) = dp v(w®), &) r2qu ) =

— (w*' d@,U)B(u,D*,u) — (w*, d®,V)L2(U,D*,u) =0

df, \, extends to a unique operator df, : CX(M, D*) — CF(M)
which is adjoint to dop.
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Example: vector fields in R? vanishing at origin

Let oc = o1 (x,y)dx + oo (x,y)dy in QL(R?).

Using the inner product on E*, integrating by parts, etc, we find:

dhalx,y) = ~ 5 (02 +y2)o) = 4 (02 + 1P)oc)
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The horizontal Laplacian
Horizontal Laplacian: Ap = d% odp : CP(M) — CL(M).
Restriction: Ap y = df, o (dp |u) : CP(U) — CL(U).

Local presentation: Ag, = d".éﬁ o dE{’j :CP(U) — CL((U).

» Ap : 12(M, n) — L?(M, u) densely defined, unbounded,
differential, second order operator. Domain C*(M).
» Integral form:

(Apu,u) = JM Hd@u(x)Hzﬂf du(x) for all ue CZ(M).

» Sum of squares: If wq,..., wq orthonormal frame of Ey, then

d
Apu = Z pu(wi)*pu(wi)
im1
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Example: vector fields in R? vanishing at origin

Let f € C®(R2). Then

0

aofixy) = -5 (0245 ) - £ (@4

“Sum of squares” description:

Ap = X’1"1X11 + XT2X12 + X>2k1X21 + X>2k2X22.
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Self-adjoint

(M, D) smooth distribution, M compact. C*(M).
Then Aqp is essentially self-adjoint.

Proof: Partition of unity ¢. IMS localization formula:

k

[[Ap, da] bou] =A+B

k

1

AD = 2 q)ocAD,U(x(boc + 5
x=1

x=1
Apply Kato-Rellich theorem:

» B bounded.

-+ Anu, = Dot (4 )X
Put D: C*(M) — C*(M,CVN), (Du)f = X (bow).
Symmetric S = (g Do*) on L?(M, n) ®L2(M,CN, ).
Chernoff's thm for skew-symmetric L =1iS = S™ ess. self-adj.

$2 = (PP ,9,) and A = D*D.

v

v

v
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Symbol of horizontal Laplacian, Part |

» Viewpoint 1: Ap in standard psdo calculus of M. Then,
symbol is

Oapu (X &) = evi(£)]2s

forall x e U, &£ e T)M.

» Viewpoint 2: Say ¥ = U(D) is a foliation. Then A in
longitudinal psdo calculus of & (A-Skandalis).

Inclusion (* : F* — D* is continuous. Symbol is

Oap (%, &) = [E(E)]2

forall xe M, & e F3%.

For M Sub-Riemannian, have bracket-generating condition
U(D) = X(M).

So longitudinal calculus is standard calculus on M.
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Symbol of horizontal Laplacian, Part Il

Longitudinal symbol vanishes outside the zero section of F*.

Specifically, it vanishes on the subset

[[{ee5s &l (v, =0}

XEM

Whence, Ap may not be elliptic in the longitudinal pseudodifferen-
tial calculus of (M, J),

v
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Longitudinal hypoellipticity

M compact. Fix longitudinal elliptic operator Ag in W5(F).

» Any A € Y™(F) gives a bounded A : H%(F) — HS~™(F), for
all s e R.

» For s e Z, C*(M) is dense in H*(F).

There exists € > 0 such that, for any s € R, we have
Julfse < Cs (lApuls +ulf), weC®(M),

where Cs > 0 is some constant.

If we H*(F) := Jeg H(F) such that Apu € H¥(F) for some
s € R, then ue HST¢(F).

v
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Other thoughts...

» Can we use the Riemannian metric to make sense of angles on
the “bundle” F*7
» Construct a kind of Euler class?
» Let (M, J) singular foliation. de Rham complex
o0 dgy  ~w %y d7  ~o0 2%\ dg
C*M) — C*(M,TF*) = C¥ (M, A\“F*) — ...

does not “see” singularities. e.g. for GL(2)-action gives just
re Rham cohomology of R?.

Using Riemannian metric, we can make sense of [.?>-cohomology...
» Prove a Hodge theorem...
» Find eigenfunctions of the Laplacian...
» Trace? > Euler class?

» Torsion formula?
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Work in progress 2: Other hypoelliptic operators?

Noncommutative symbols?
e.g. Grushin plane:

M=R?  X=0x, Y=xd, D=Xx>+Y
Need to consider a filtration, i.e.
D1 = (X) € D? = X(R?)

" Pl =(X) = D? = (X, Y) < D3 = X(R?)

There is a nice (singular) foliation on M x R:
tD1 4 1292 + 3D3
(And a nice R -action...)
» Recover Heisenberg calculus using the foliation groupoid?

Thank you!
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