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The dominant eigenvalue of a matrix with positive entries is
positive and the corresponding eigenvector could be chosen to be
positive.

Theorem (2)

The dominant eigenvalue of an irreducible nonnegative matrix is
positive and the corresponding eigenvector could be chosen to be
positive.

@ O. Perron, Zur Theorie der Matrizen, Math. Ann. 64 (1907),
248-263.

@ G. Frobenius, Uber Matrizen aus nicht negativen Elementen,
S.-B. Preuss Acad. Wiss. Berlin (1912), 456-477.
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Definition (1)

Let A= (ajj) and B = (b;j) be two n x r matrices. Then,
A>B (A>B)ifaj>bj; (aj>bjy)foralli=1,...,n,
j=1...,r.

Definition (2)

A matrix A € R™" is said to be nonnegative (positive) matrix if
A>0 (A>0).

Definition (3)

Let B € €', then |B| denotes the matrix with entries |bjj|.
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Reducible and Irreducible Matrices

Definition (4)

A matrix A € R™" is said to be reducible if there exists a
permutation matrix P such that

C: PAPT _ |: All A12 :|

0 Ax

where A1 € R™", Ay, € R" """ and A;o € R ", 0< r < n.

o

Definition (5)

A matrix A € R™" is said to be irreducible if it is not reducible.
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Frobenius normal form

Theorem (3)

For every matrix A € R™" there exists a permutation matrix
P € R™" such that

A A - Arr
copapT—| O A2 o A
0 0 - A,

where each block A;; is square matrix and is either irreducible or
1 x 1 null matrix.

The proof is given by considering the 2 x 2 block form of a
reducible matrix. If Ai1 or Axs is reducible, we chose the
associated permutation matrix to split it again to its 2 x 2 block
form, and so on. Obviously, if A is irreducible then r = 1.

The Frobenius normal form is unique, up to a permutation.
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Directed Graphs

Definition (6)

The associated directed graph, G(A) of an n x n matrix A,
consists of n vertices (nodes) Py, Py, ..., P, where an edge leads
from P; to P; if and only if a;; # 0.

Definition (7)

A directed graph G is strongly connected if for any ordered pair
(Pi, P;) of vertices of G, there exists a sequence of edges (a path),
(:D,'7 P/l), (P/l, P/2), (P/27 :D/3)7 ceey (PI,,N PJ) which leads from P,‘ to
P;. We shall say that such a path has length r.
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Directed Graphs

Let P be a permutation matrix defined by the permutation
(ri,r2,...,m) of the integers (1,2,...,n) and C = PAPT be the
permutation transformation of an n X n matrix A. Prove that the
graph G(C) becomes from G(A), by replacing the names of nodes
from P, to P;, i =1,2,...,n.

Exercise (2)

Let A be a nonnegative matrix. Prove that the graph G(A)
consists of all the paths of G(A) of length k.

Theorem (4)

An n x n matrix A is irreducible iff G(A) is strongly connected.
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Directed Graphs

Proof: Let A is an irreducible matrix. Looking for
contradiction, suppose that G(A) is not strongly connected. So
there exists an ordered pair of nodes (P;, P;) for which there is
not connection from P; to P;. We denote by S; the set of nodes
that are connected to P; and by S the set of remaining nodes.
Obviously, there is no connection from any node P; € S, to any
node of Pq € 51, since otherwise P, € S; by definition. Both sets
are nonempty since P; € §; and P; € S;. Suppose that r and

n — r are their cardinalities. Consider a permutation
transformation C = PAPT which reorders the nodes of G(A),
such that Py, Py, ..., P, € 5; and P,y1,Pri2,..., Py € Sy. This
means that ¢y =0forall k=r+1,r+2,...,nand
I=1,2,..., r, which constitutes a contradiction since A is
irreducible.

Conversely, suppose that A is reducible. Following the above
proof in the reverse order we prove that G(A) is not strongly
connected.
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The Perron Frobenius Theorem

Theorem (5)
Let A > 0 be an irreducible n X n matrix. Then,
@ 1. A has a positive real eigenvalue equal to its spectral radius
p(A).
2. To p(A) there corresponds an eigenvector x > 0.
3. p(A) increases when any entry of A increases.

4. p(A) is a simple eigenvalue of A.

5. There is not other nonnegative eigenvector of A different
from x.

First we will prove some other statements.
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The Perron Frobenius Theorem

If A> 0 is an irreducible n x n matrix, then

(I+A)"1>0

Proof: It suffices to prove that (/ + A)"“1x > 0 for any x > 0,
x # 0. Define the sequence xx11 = (I + A)xx > 0,
k=0,...,n—2, xop = x. Since xxt+1 = Xk + Axk, Xx+1 has no
more zero entries than xx. We will prove that xx,1 has fewer
zero entries than x,. Looking for contradiction, suppose that
xk+1 and xx have exactly the same zero components. Then,
there exists a permutation matrix P such that

PXk—i-l:()(;)a 'DXk:<é>> y,ZERm, v, z>0, 1<m<n.

Dimitrios Noutsos Perron Frobenius theory



The Perron Frobenius Theorem

Then,

Pxii1 = g = P(x¢ + Axx) = Pxx + PAPT P

. zZ + A11 A12 z
This implies that Ap; = 0, which constitutes a contradiction
since A is irreducible.

Thus, xp = x has at most n — 1 zero entries, x, has at most
n — k — 1 zero entries, and consequently,

Xp—1 = (/ + A)n_1X0

is a positive vector, which completes the proof.
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The Perron Frobenius Theorem

If A> 0 is an irreducible n x n matrix, and x > 0 is any nonzero
vector, we define the quantity:

n
. Ej:l aijXj
fk=min{ —/———~ &,
x; >0 Xi

Obviously, ry is a nonnegative real number and is the supremum of
all p > 0 for which
Ax > px.

Consider the quantity

r= sup {rg}. (1)
x>0,x#0

Since ry = rax for any a > 0, we normalize x such that ||x|| =1
and consider the intersection of the nonnegative hyperoctant and
the unit hypersphere: S = {x > 0: ||x|| = 1}. Then,

r= itelrs){rx} = max{r}.
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The Perron Frobenius Theorem

Let Q={y:y=(+A)"x,x € S}.

From Lemma (1), Q consists only of positive vectors.
Multiplying the inequality Ax > r,x by (/ + A)"~1, we obtain
Ay > ryy, which means that r, > r,.

Thus, the quantity r can be defined equivalently by

r=sup{r,} = max{r,}.
veEQ yeQ

Since S is a compact set, so is also Q. As r, is a continuous
function on @, there exists necessarily a positive vector z such that

Az > rz

and no vector w exists for which Aw > rw.
We call all such vectors z, extremal vectors of the matrix A.
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The Perron Frobenius Theorem

If A > 0 is an irreducible n X n matrix, the quantity
r = SUp,>0 x£01rx} is positive. Moreover each extremal vector z is
a positive eigenvector of the matrix A with corresponding
eigenvalue r, i.e., Az=rz, z > Q.

Proof: For the first part, consider the vector e of all ones. Then,

n n
2o aije .
re:mln{J“}:mln E aj >0 and r>re>0.
j=1

ei>0 €; 1<i<n
For the second part, let z be an extremal vector with
Az —rz=n>0. Let n # 0, then
(I+A)" >0 Aw —m >0, w=(I+A)"1z>0.

This constitutes a contradiction since it follows that r, > r.
Thus n =0 < Az = rz. Since w = (/+A)"_1z _ (1+r)”_lz <0

it follows that z > 0, which completes the proof.
Dimitrios Noutsos Perron Frobenius theory



The Perron Frobenius Theorem

Theorem (6)

Let A > 0 be an irreducible n X n matrix, and B be an n X n
complex matrix with |B| < A. If 3 is any eigenvalue of B, then

Bl <, (2)

where r is the positive constant of (1). Moreover, equality is valid
in (2), ie., 3= re'?, iff |B| = A, and where B has the form

B = e’DAD ™, (3)

and D is a diagonal matrix with diagonal entries of modulus unity.
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The Perron Frobenius Theorem

Proof: If 5y = By, y #0,thenforalli=1... n,

n n n n
Byi =Y by = 18llyil = 1D byl <D [billyil < aylyl-
j=1 j=1 j=1 j=1

This means that
1Bllyl < [Blly| < Alyl, (4)

which implies that |3 < n,| < r, proving (2).

If | 3] = r then |y| is an extremal vector and consequently it is a
positive eigenvector of A corresponding to the eigenvalue r.
Thus,

1Bllyl = |Blly| = Alyl, (5)
and since |y| > 0 and |B| < A, we conclude that

1B| = A. (6)
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The Perron Frobenius Theorem

Consider the diagonal matrix

D— {h Y2 } )
il ly2l” " [yal
Clearly, the diagonal entries of D have modulus unity and
y = D|y|. Setting 8 = re'?,

By = By < BD|y| = re'’D|y| < e"'*D~'BD|y| = rly|.
Let C = e *D~1BD. Then,

Cly| = [Bllyl = Alyl- (8)

Clearly, |C| = |B| = A, hence Cly| = |C||y| and since |y| > 0 we
obtain that C = |C| = A, which proves (3).

Conversely, it is obvious if B is of the form (3), then |B| = A, and
B has an eigenvalue [ with |3| = r, which completes the proof.
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The Perron Frobenius Theorem

If A > 0 is an irreducible n X n matrix, the positive eigenvalue
r = supy>ox£oi/x} s the spectral radius p(A) of A.

Proof: Apply Theorem (6) by considering B = A.

If A > 0 is an irreducible n x n matrix and B is any principal
square submatrix of A, then p(B) < p(A).

Proof: Since B is a principal submatrix of A, there exists a

permutation matrix P such that A = [ B An ]
Al Ax

g 8] Clearly, C < A, C # A.

Applying Theorem (6) with the matrix C in the place of B we
obtain that p(B) = p(C) < p(A).

Consider the matrix C = [



Proof of the Perron Frobenius Theorem: statements 1, 2, 3

@ 1. A has a positive real eigenvalue equal to its spectral radius
p(A).
Proof: The proof is obtained by Corollary (1).
@ 2. To p(A) there corresponds an eigenvector x > 0.
Proof: The proof is obtained by Lemma (2).
@ 3. p(A) increases when any entry of A increases.

Proof: Suppose that we increase some entries of A to obtain a
new irreducible matrix A, where A > A and A # A. Applying

Theorem (6) we conclude that p(A) > p(A).
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Proof of the Perron Frobenius Theorem: statement 4

e 4. p(A) is a simple eigenvalue of A.

Proof: We use the characteristic polynomial ®(t) = det(t/ — A).
It is known that

d'(t) = Zn:det(tl —A),
i=1

where A; is the (n— 1) x (n — 1) principal minor of A by
deleting the ith row and column. By Corollary (2),

p(Ai) < p(A), which means that det(t/ — A;) cannot vanish for
any t > p(A). Thus, det(p(A)/ — A;) > 0 and consequently

®'(p(A)) = ) _ det(p(A)l — A;) > 0.
i=1

This means that p(A) cannot be a zero of ®(t) of multiplicity
greater than 1, thus p(A) is a simple eigenvalue.
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Proof of the Perron Frobenius Theorem: statement 5

@ 5. There is not other nonnegative eigenvector of A different
from x.

Proof: Looking for contradiction, suppose that there exists an
eigenvector y > 0, y # cx, ¢ constant, corresponding to the
eigenvalue A\, X # p(A).

Multiplying y by (I + A)X, k > n— 1 we obtain

(I + A)ky = (1 +X\)ky > 0, for all k > n— 1. This means that

y >0 and A isreal with p(A) >\ > —L1.

Since x and y are both positive, we can chose a sufficient small
positive t such that z = x — ty > 0. Then,

Az = A(x — ty) = p(A)x — Aty > p(A)(x — ty) = p(A)z.

This implies that r, > p(A), which constitutes a contradiction.
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Row sums and spectral radius

Theorem (7)

If A> 0 is an irreducible matrix, then either

S ay=p(A) ¥i=1(1)n, (9)
j=1

n n
i i A i |- 10
min ;aj < p( )<m’ax z;aj (10)
Jj= Jj=

Proof: First suppose that all the row sums are equal. Then, the

vector e of all ones is an eigenvector of A: Ae = (Z}’Zl ajj ) e.

Since e > 0, from the Perron Frobenius Theorem (statement 5),

it follows that p(A) = >_7

j=1 a,-j.
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Row sums and spectral radius

If all the row sums are not equal. Then, we construct a
nonnegative matrix B by decreasing certain positive entries of
A, so that for all k=1,2,...,n,

n n

E bkj: m.in E aj |
i

j=1 j=1

where 0 < B < A and B # A. Then, from the Perron Frobenius
Theorem (statement 3), we get p(B) = min; <Zf:1 a,-j> < p(A).
Similarly, we construct an irreducible matrix C by increasing

certain positive entries of A, so that for all k =1,2,...,n,

n n

E Ckj = max E ajj |,
i

j=1 Jj=1

where 0 < A< C and C # A. Then, from the Perron Frobenius
Theorem (statement 3), we get p(C) = max; (Zj:l a,-j> > p(A).
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Weighted row sums

Theorem (8)

Let A > 0 be an irreducible matrix and x € R",x > 0, then either

2 2% _ p(A) Y i=1(1)n, (11)

or

Moreover,

" aix "
sup {min (ZJIJJ> } = p(A) = inf {max (ZJIH> } )
x>0 i X; x>0 i X;

(13)
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Weighted row sums

Proof: For any positive vector x, let
D = (x1,%x2,...,Xn).

Consider the matrix B = D7YAD. B is given by A by similarity
transformation, thus B and A have the same eigenvalues.
Moreover, bjj = a”XJ > 0, thus B is an irreducible nonnegative
matrix. Relations (11) and (12) are obtained by applying the
previous theorem to the matrix B. From (11) and (12) we have
that

ajix N aix;
sup {min (ZM) } < p(A) < inf {max (ZJ_1“> } .
x>0 i X x>0 i Xi

Equalities are obtained if we chose the positive eigenvector of A,
corresponding to p(A).
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Cyclic and Primitive matrices

An irreducible nonnegative matrix A is said to be cyclic of index
k > 1, if it has k eigenvalues of modulus equal to p(A).

Definition (9)

An irreducible nonnegative matrix A is said to be primitive, if the
only eigenvalue of A of modulus p(A) is p(A).

Example (1)

The matrix A = [ (1J é ] has eigenvalues p(A) =1 and

A= —1= —p(A). Thus A is cyclic of index 2 or 2-cyclic.

The matrix B = [ 1 (1) ] has eigenvalues p(B) = 1+72\/§ and

A= 1_27\/5 Obviously, |A| < p(B) thus B is primitive.

.
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The Perron Frobenius Theorem for Cyclic matrices

Theorem (9)

If an irreducible nonnegative matrix A has k eigenvalues

61 101
3. )

o = ré® \; = re! cyAk_1 = re

of modulus p(A) =r, 0 =100 < 01 < --- < 0x_1 < 2m, then
o (a) These numbers are the distinct roots of \K — rk = 0.

@ (b) The whole spectrum S = {\g, \1,..., An—1} of A goes
over into itself under a rotation of the complex plane by 2w /k.

@ (c) If k > 1, then there exists a permutation P such that

0 Ap O .- 0
0 0 Axs - 0
PAPT = | © i o e 2 . (14)
0 0 0 Akflyk
Aa O 0 --- 0
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The Perron Frobenius Theorem for Cyclic matrices

Proof of (a): Applying Theorem (6) with B = A and
B=A\= rel’ | the equality condition (3) implies that

A:ei"ijADj—l, Djl =1, j=0,1,...,k—1. (15)
Let Az=rz, z>0and yU) = D;z then
AyY) = &% D;AD Dz = ¥ DjAz = re%i Djz = \jy U,

so yU) is an eigenvector corresponding to the simple eigenvalue
Aj. Therefore y(f) and D; are determined up to a multiplication
by scalar.
Define the matrices Dy, D1, ..., Dx_1 uniquely having their first
diagonal element 1. From (15) it follows that

ADiDyz = €“%D;AD; DDz = € DjAy ") = relllit0i) p;y (k)

= rei(91+9’<)DjDkz ’
AD;D 'z = e D, 'AD DD,z = e %D, AyU)
= rel(ejfek)Dk_ly(J) = rel(ejfgk)DjDk_lz_
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The Perron Frobenius Theorem for Cyclic matrices

Thus, rel(%*0%) is an eigenvalue of A with eigenvector D; Dkilz.
This means that the numbers 1 = ei%_ei%1 . elf%-1 and the
matrices | = Dy, D1, ..., Dyx_1 are isomorphism abelian
multiplicative groups of order k. Thus the numbers €% are k’th
roots of unity and Dj" =1.

Proof of (b): It follows from (a) since e?"/kA = D;*AD; and
the fact that the spectrum of a matrix is invariant under a
similarity transformation.

Proof of (c): Let D = D;. Since D¥ = I, the diagonals of D are
roots of unity. We permute D such that

eifo I 0 . 0
0 edpy ... 0
POPT = | . , , (16)
0 0 ] |

where /; are identity matrices and
§;=2n/k)nj, 0=ng<nm <-- <ns_1<k.
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The Perron Frobenius Theorem for Cyclic matrices

Consider the the same permutation to A:

Air A - Ags
pApT — Ay Axn - Ao
Asl As2 e Ass

where Aj; is of the same order as /;_;. From (15) we have
A= e2"/kDAD™L, or PAPT = &27/kK(PDPT)(PAPT)(PD1PT)
which in matrix form is

Au elG0=0) A, o elom0m) Ay
PAPT 2w /k 91(51—50)A21 A22 .. 91(51—5&1)/425
=e
e01i Ay el Ay, Ass

Equating the above matrices we obtain a system of s? equations

_ 2w /k Li(6p—1—0g— _ i2w(np—_1—ng—1+1)/k
qu_e /e(Pl ql)qu@qu_e (pl q—1 )/qu.
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The Perron Frobenius Theorem for Cyclic matrices

Thus, Apq # 0 iff ng = np, +1 mod k. Since A is irreducible,
there exists, for every p, a q such that Ap,q # 0 but since
O=ng<n <---<ns_q < k it follows that s = k and
ni=1i, i=0,1,...,k—1and Apqg # 0 only when g =p +1
mod k. This proves the cyclic form (14) of A.

[0 A 0 -+ 0 ]

0 0 Ayg -+ 0

PAPT = | + i T :
0 0 © Ak—1k
| Ax 00 0 |
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Eigenvectors of Cyclic matrices

Theorem (10)

Let A > 0 be an irreducible k-cyclic matrix and z be the
eigenvector corresponding to p(A), given in the cyclic form:

0 A 0 - 0
0 0 A - 0 2
] 5 . . 5 22
A= . Z= . > 0.
0 0 0 " A -
Ac 0 0 - 0

Then the eigenvector yY) corresponding to Aj = el

Z1
ei2mi/k
0) — ei27r2j/kz3

ei2m(k=1)j/k 7,
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Eigenvectors of Cyclic matrices

Proof: We supposed for simplicity that A is given in its cyclic
partition form. If it is not, then permutation transformation is
needed to obtain the same result. Consider the matrices D;

defined in Theorem (9), then yU) = D;z. After the results
obtained from Theorem (9), the matrix D = D; given in (16) is:

lo 0 0

0 ei27r/k/1 . 0
p=1|. . .

6 0 . ei27r(k7i)/klk_1

Since the set of D;’s constitutes an isomorphism abelian group,
D>, =D;xD; = D27 D3 = D> * Dy = D37 and by induction we
obtain that D; = D;_y * D1 = D’. Thus,

/0 0 s 0 Z1 Z.1
0 0 eiQﬂj/kll . 0 7 ei27rj/k22
Yy = . . . . X . =
6 O .. ei27r(k71')j/klk71 Z.k ei27r(k;1)j/kzk

Dimitrios Noutsos Perron Frobenius theory



Characteristic polynomial of Cyclic matrices

Let A" 4+ a1 A™ + apA™ - .- + a A", where a;,...,as # 0 and
n>ny > ny > --- > ng, be the characteristic polynomial of an
irreducible matrix A > 0 which is cyclic of index k. Then, k is the
greatest common divisor of the differences
n—ny,n—np,...,Ns—1 — Ns.

Proof: Let m be an integer such that A and e27/™A are similar.
Then, for the characteristic polynomials we have

A" AT A\ = AT a0 g g g(nns) \Ps
where 6 = €27/M_ Thus, aj = aﬂ(”*”f), j=1,...,s which

means that m divides each of the differences n — ny,n—ny, ...,

n — ns. Conversely, if m divides each of the differences, A and

e'27/m A have the same spectrum. By Theorem (9) it happens

for m = k but not for m > k. Thus,

k =g.c.d(n—n1,n—ny,...,n—ng) = g.c.d(n—=n1,m—na,... ns_-1—ns):
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Cyclic and Primitive matrices

If the trace of an irreducible nonnegative matrix A is positive, then
A is primitive.

Corollary (4)
The trace of a cyclic matrix of index k > 1, is zero.

If A> 0, then A is primitive.

If a nonnegative irreducible matrix A is primitive, then A™ is also
primitive for all positive integers m.
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Cyclic and Primitive matrices

Proof: Since p(A) is a simple eigenvalue and the only one with
modulus p(A), then (p(A))™ is a simple eigenvalue of A™ and
the only one with modulus (p(A))™. Thus, A” is not a cyclic
matrix. It suffices to prove that A™ is irreducible. Let that
there exists v for which A” is reducible and is given in its

reducible form: AY = { g g } . Since A > 0 is irreducible

there exists an eigenvector x > 0 corresponding to p(A). Then,

=[5 5] [2]-ewr[2]

This gives that Dxo = (p(A))"x2, thus (p(A))” is an eigenvalue
of D. Similarly, for AT there exists y > 0 such that

wTy= & or [ ] = war [ 2.

Thus BTy; = (p(A))y1, and (p(A)) is an eigenvalue of B,
which is a contradiction since (p(A))” is simple eigenvalue of A¥.
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Cyclic and Primitive matrices

If A> 0 is an irreducible n x n matrix with a; > 0, for all
i=1,2,...,nthen A"~ > 0.

Proof: The proof follows by Lemma (2). We construct an
irreducible nonnegative matrix B, having the same off diagonal
structure of A, such that A > ~(/ + B), ~ > 0, obviously

0 <~ < min; aj;. Then,

An—l > ’}/n_l(/ + B)n—l > 0’

since (/ + B)"~! > 0 from Lemma (2).
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Positivity of Primitive matrices

Let A> 0 be an n x n matrix. Then, A™ > 0 for some integer m
iff A is primitive.

Proof: Suppose first that A™ > 0 for some integer m. Then, A is
irreducible since otherwise A™ would be reducible, contradicting
to the hypothesis A™ > 0. If A is not primitive, then it is cyclic
of some index k > 1. Thus, there are k eigenvalues of A of
modulus p(A), and thus there are k eigenvalues of A™ of
modulus p(A)™. This contradicts Corollary (5) (A™ > 0= A"
is primitive).
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Positivity of Primitive matrices

Conversely, if A is primitive then, by definition, it is irreducible.
Thus, there exists an identity path

(Plvpil) (PI17P)"'7(PI}1—17P1)

of length r; in G(A). This means that there exists an identity
edge (P, P1) in G(A™), implying that (A™)1; > 0. Similarly,
since A" is irreducible, there exists an identity path

('D27 Jl) ( Jis ) "'7('Djr2—17’D2)

of length rp, in G(A™), thus there exists an identity edge (Pz, P>)
in G(A""2). This implies that (A""2)1; > 0 and (A""2) > 0.
Continuing in this way we obtain that A™"2" has its diagonal
entries positive. Then, Lemma (3) completes the proof.

Definition (10)

The smallest integer m for which A™ > 0 is called, index of
primitivity.
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Weakly Cyclic matrices

Definition (11)

An n x n complex matrix A (not necessarily nonnegative or
irreducible) is weakly cyclic of index k > 1 if there exists a
permutation matrix P such that PAPT is of the cyclic form (14).

Theorem (14)

Let A be an n x n weakly cyclic matrix of index k > 1. Then, A/
is completely reducible for every j > 1.

¢ 0 ... 0
pap — | ° C,é 0 (17)
o @
where p(C1) = p(G) = --- = p(Cx) = p*(A). Moreover, A >0 is

irreducible and cyclic of index k iff each submatrix C; is primitive.
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Weakly Cyclic matrices

Proof: The proof of the form (17) is obvious by taking the
powers of the matrix A or by using graph theory.

Suppose first that A is irreducible and cyclic of index k.
Looking for contradiction suppose that C; is cyclic of index /,
for some /. Then, since all C;’s have the same nonzero
eigenvalues, they should be all cyclic of index /. It means that
there exists a permutation matrix P such that PAXPT has Ik
diagonal blocks. This constitutes a contradiction since A would
be cyclic of index k.
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Weakly Cyclic matrices

Conversely, if C; is primitive and A > 0 has the form (14), we
have to prove that A is irreducible, since the cyclicity is then
obtained from the form (14). Looking for contradiction suppose
that A is reducible. Let S; be the set of m; nodes corresponding
to the ith diagonal block. Then, each node P; € 5; has
connection by simple edges only to nodes of S;y1, i =1,2,..., k,
where Sx11 = S1. Since A is reducible, there exists an / and a
node P; € S; which has not connection to a node Pj, € Sj41.
Suppose that there is a node P, € S;11 such that

(Pi, Piy) € G(A), then there is not connection from Pj, to Pj,
with a path of length jk, since otherwise there should be a
connection from Pj to P;, with a path of length jk 4+ 1. This
means that there is not connection from P to Pj, in G(Ciy1)
which contradicts to the hypothesis that Cj11 is primitive. If
there exists not such an edge (Pj,, Pi;) € G(A), then P; has not
connection to any other node. This means that there is a zero
row of C; which leads to the same contradiction.
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Graphs on Cyclic matrices

Theorem (15)
Let A> 0 be an n x n irreducible matrix . Let S; be the set of all

the lengths m; of the identity paths of the node P; in the directed
graph G(A). Let

ki = g.c.dm;es {mi}.

Then, k = ky = ky = --- = ky, is the index of cyclicity of A. (If
k =1 then A is primitive).

Proof: From Theorem (14) it follows that if A is cyclic of index
k > 1, then only the powers AK have positive entries in the
diagonal blocks C/’s and C; are primitive matrices. Thus there
exists sufficient large integer fy such that C,-/ >0,i=1,2,...,n
for all / > ly. This means that A’* have all the diagonal entries
positive for all / > y. Hence, k = g.c.dm.es,{mi},i =1,2,...,n.
If A is primitive then there exists ly such that A’ > 0 for all

I > lp. Thus, k = g.c.dmes,{mi} =1,i=1,2,...,n.
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Cyclic and Primitive matrices

Exercise (3)

Check and characterize (reducible or irreducible and/or cyclic or
primitive) the matrices:

0 01O 0 0 01

0 0 01 0 01O
A_1000’B_0100’

01 0O 10 00
0 001O0O0
1100 0 01 00O
0 010 0 00 0 O01

C_0001’E_000010’

1 0 0 O 100 0 0 O
01 00O0O

by using directed graphs. Write them in their reducible or cyclic
form. Find all the eigenvalues of the matrices A, B and E, by
using the Perron Frobenius theory (without calculating them).
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Cyclic and Primitive matrices

Exercise (4)

Let A > 0 be a primitive n X n matrix, which is symmetrically
nonnegative, i.e., aj > 0 iff ajj > 0. Show that

W(A) S 2n — 27

where (A) is the index of primitivity.

Let A > 0 be a primitive n X n matrix. Prove that

im_[er(AM)]7 = p(A).

What is the corresponding result for cyclic matrices of index k > 17
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Cyclic and Primitive matrices

Exercise (6)

Let the n X n circulant matrix:

Qo Gp @2 0 Qp-2 Qp—1
Qp—1 (e7)] Q1 - @p3 Qp2
Qp—2 CQp-1 Qo -+ Qpg4 COp_3
A=
(6%) a3 (07 ap (6751
| a1 az o3 - Qpo1 0p |

Show that the eigenvalues \; of A can be expressed as

)\j:a0+0é1¢j+042¢?+"'+an—1¢;’7_la Jj=0,1,....,n-1,

where ¢; = T,
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Cyclic and Primitive matrices

Example (2)

Consider the n x n nonnegative matrix:

01 0 -~ 0 0

10 1 -~ 0 0

01 0 . 0 0
A=

00 0 . 0 1

00 0 -~ 1 0]

In its directed graph every node P; has connection only to the
neighbour nodes P;_; and P;y;. Thus the identity paths of the
node P; are

(Pi, Pix1, Pi), (Pi, Pi—1, Pi), (Pi, Piy1, Piy2Piy1, Pi), .. ..
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Cyclic and Primitive matrices

It is obvious that the lengths of the identity paths of P; are
Si=1{2,4,6,...},forall i=1,2,...,n. Thus, by Theorem (15)
we obtain that A is a 2 cyclic matrix. Consider now all the paths of
length 2 to obtain the graph G(A?). It constitutes from two
disjoint subgraphs, the first one of odd nodes and the second of
even. We chose the permutation matrix, by renaming the nodes
from {P1,P3,...,Pp_1} to {P1,Pa,..., Pg} and from
{P2,P4,...,Pn} to {Pgﬂ, Pg+2, ..., Pp}, for even n. For n=4
the cyclic form of A is:

1000][0100][1000
; oo 1ofl1010|]0010]|_
PAPP =10 100|lo101||l0o100]"
000 1][0010]|]|000T71
0010
0011
1100}/
0100
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Reducible matrices

Many of the above results of the Perron Frobenius theory are
extended to reducible matrices.

It follows from the continues property, since every nonnegative
reducible matrix can be approximated by an irreducible (even
primitive) one by replacing certain zero entries by an arbitrary
small € > 0.

The Perron Frobenius results of reducible matrices are
characterized as weaker than those of irreducible matrices.

It follows the main general Perron Frobenius theorem:
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Reducible matrices - The Perron Frobenius theorem

Theorem (16)

Let A > 0 be an n x n matrix. Then,

@ 1. A has a nonnegative real eigenvalue equal to its spectral
radius p(A). Moreover, this eigenvalue is positive unless A is
reducible and its Frobenius form is strictly upper triangular
matrix.

@ 2. To p(A) there corresponds an eigenvector x > 0.

@ 3. p(A) does not decrease when any entry of A is increased.

Proof: If A is irreducible then the results follow immediately
from Theorem (5). If A is reducible, consider the Frobenius
normal form of A:

Au A - Ay
C = PAPT 0 Ano A
0 0 - A,
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Reducible matrices

If any diagonal submatrix Aj; is irreducible, then it has a
positive eigenvalue equal to its spectral radius. Similarly, if Aj;
is a 1 x 1 null matrix, its single eigenvalue is zero. Obviously,
the eigenvalues of A are the eigenvalues of each Aj;. Clearly, A
has a nonnegative eigenvalue equal to its spectral radius. If
p(A) =0, then each Aj; is a 1 x 1 null matrix, thus A is strictly
upper triangular.

The other statements follow by applying continuity argument to
the results of Theorem (5). We replace some zero entries to

€ > 0 such that A(e) becomes irreducible. Then, from Theorem
(5), x(€) > 0 is an eigenvector corresponding to p(A(e)).
Obviously, by taking the limit as € tends to 0 we have

Iirrbx(e) =x>0.

For Statement 3, we observe that if an entry of A, belonging to
an off diagonal block or to a diagonal block not corresponding
to p(A), is increased then p(A) remains unchanged.
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Reducible matrices - Monotonicity properties

Let A, € R™" be a nonnegative matrix and B € R™" be a complex
matrix such that 0 < |B| < A. Then

p(B) < p(A). (18)

Proof: If A is irreducible then the result follows from Theorem
(6). If A is reducible, we apply the same permutation
transformation to A and B such that PAPT be the Frobenius
normal form of A. It is obvious that the inequality 0 < |[B| < A
is invariant under permutation transformation. Then, apply
Theorem (6) to submatrices |Bj;| and Aj; to obtain the result.

Corollary (6)

If A> 0 is an n x n matrix and B is any principal square submatrix
of A, then p(B) < p(A).

Proof: As in Corollary (2
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Reducible matrices - Eigenspace of the spectral radius

Remark (1)

We observe that the uniqueness property of the spectral radius for
irreducible matrices, does not valid in the reducible case.

If there are k diagonal blocks in the Frobenius normal form that
have spectral radius p(A), then p(A) is an eigenvalue of
multiplicity k.

To p(A), there correspond k eigenvectors or generalized
eigenvectors.

We say that the set of these vectors form the eigenspace of p(A).
It has been proved that the eigencpace of p(A), has a basis of
nonnegative vectors.

A question arises here:

When A has a positive eigenvector corresponding to spectral
radius?

The following two theorems give an answer to this question.
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Reducible matrices - Eigenspace of the spectral radius

Theorem (18)

Let A, € R™" be a nonnegative reducible matrix and let
51,55,...,S, be the sets of nodes corresponding to the diagonal
blocks Ai11, A2, ..., A, in the Frobenius normal form of A. To
p(A) corresponds a positive eigenvector iff every set S
corresponding to Ay, with p(Axx) = p(A), has not connection to
any other set S;, while every set S; corresponding to Aji, with
p(Aii) < p(A), has connection to at least one set Sy corresponding
to Awk, with p(Awc) = p(A).

Theorem (19)

Let A, € R™" be a nonnegative reducible matrix. To p(A)
corresponds a positive eigenvector x of A and a positive eigenvector
y of AT iff the Frobenius normal form of A consists of a block
diagonal matrix, where every block has spectral radius p(A).

The following examples show the validity of the above theorems.
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Reducible matrices - Eigenspace of the spectral radius

Example (3)

Consider the nonnegative matrix A in its Frobenius normal form:

o= o O
N—O O

OO = =
Ol o= =

The diagonal blocks are A;; = [ i 1 } with p(A11) = 2 = p(A),

Ay = [1] with ,O(A22) =1< p(A) and Aszz = [2] with

p(As3) = 2 = p(A). Obviously, S; = {P1, P>}, S = {P3} and

S3 = {Pa}. Since 51 and S3, corresponding to blocks of p(A),
have not connection to any other set, while S» has connection to
S3, A has a positive eigenvector corresponding to p(A).

The eigenvectors of A corresponding to p(A) are
xM=(1111)T>0and x® =(1100)" >0 and the validity
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Reducible matrices - Eigenspace of the spectral radius

Example (4)

Consider the nonnegative matrix B in its Frobenius normal form:

OO O
== Oo o

OO =
OO =

which is obtain from A of Example (3) by interchanging the
diagonal blocks Ay and Asz. It is easily checked that B is the
Frobenius normal form of A”. Since S,, corresponding to block of
p(B), has connection to S3, B has not a positive eigenvector
corresponding to p(B).

The eigenvectors of B corresponding to p(B) are
xM=(1110)T>0and xX® =(1100)7 >0. Thus, the
validity of both Theorems (18)and (19) is confirmed.
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Reducible matrices - Eigenspace of the spectral radius

Example (5)

Consider the nonnegative matrix C in its Frobenius normal form:

N—RO O

ol O

OoO|Oo|—= =

Since Sy, corresponding to block of p(C), has connection to both
sets S> and S3, A has not a positive eigenvector corresponding to
p(C). We observe also that two sets that correspond to p(C) are
connected (S; — S3). For this reason C has not two linearly
independent eigenvectors. It has one eigenvector

x() =(1100)7 >0 and one generalized eigenvector

x®) =(1222)T > 0 and the validity of Theorem (18) is
confirmed.

Observe that these vectors constitute a nonnegative basis of the
eigencpace of p(C).
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Reducible matrices - Eigenspace of the spectral radius

Example (6)

Consider the nonnegative matrix D in its Frobenius normal form:

O

I
o olo|ld N
o oo~ —
o olwlo o
N NV ojo o
— oo o

D is a block diagonal matrix with all diagonal blocks having
spectral radii equal to p(D) = 3. Thus by Theorem (19), both
matrices D and DT have a positive eigenvector corresponding to
p(D).

The eigenvectors of D are: x(0) =(11111)7 >0,

x®=(11100)7>0andx® =(11000)7 >0.
The eigenvectors of DT are: y() =(21121)7 >0,
y@=(211007>0andy® =(21000)7 >0.
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Reducible matrices

Exercise (7)

Construct the Frobenius normal form of the matrix:

8 00

>
Il
—o oo

0
0
4
0

O O O
O O N O
O O O O

Find the spectral radius p(A) and its eigenspace.
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Reducible matrices - Row sums and spectral radius

Theorem (20)

If A> 0 is an n X n matrix, then either
Y aj=p(A) ¥i=1(1)n, (19)
j=1
or
min Zau < p(A) < max Zau (20)
Jj=1 : J=1

Dimitrios Noutsos Perron Frobenius theory



Reducible matrices - Weighted row sums and spectral
radius

Theorem (21)

Let A> 0 be an xn matrix and x € R",x > 0, then either
folafxf — p(A) Vi=1(1)n, (21)
or
m’_in (Zjnleaux> < p(A) < max (ZJ”Z;EJUXJ> . (22)
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Monotonicity properties

Theorem (22)

Let A€ R™" be a nonnegative matrix and x > 0 (x # 0) be such
that Ax — ax > 0 for a constant o« > 0. Then

o < p(A). (23)

Moreover, if Ax — ax > 0, then the inequality in (23) is strict.

v

Proof: If A is irreducible, then by the definition of the quantity
I in the proof of the Perron Frobenius Theorem, we have that
re > a. Thus, p(A) =r>r > a.

If A is reducible then we use the continuity argument. Replace
by € some zero entries, such that A(e) becomes irreducible.
Then A(e)x > Ax > ax, Thus p(A(e)) > « and by taking the
limit we get the result.

If Ax — ax > 0 then there exists 8 > « such that Ax — Gx > 0.
Then the result becomes from the previous proof,
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Monotonicity properties

Theorem (23)

Let A€ R™" be a nonnegative matrix and x > Q be such that
ax — Ax > 0 for a constant o > 0. Then

p(A) < a. (24)

Moreover, if ax — Ax > 0, then the inequality in (24) becomes
strict.

Proof: Let y > 0 be the eigenvector of AT corresponding to
p(A). We premultiply the inequality by y' to get

yT(ax—Ax) >0 ay x —p(Ay x>0 < a— p(A) >0,

which proves our assertion. The strict inequality is obvious.

We remark that the condition x > 0 is necessary, since for x > 0
and A reducible such that Ax =0, ax — Ax > 0 holds for any

a >0, but (24) is not true for all a > 0.
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Extension of the Perron-Frobenius theory

It is obvious, from the continuity, that the Perron-Frobenius theory
may hold also in the case where the matrix has some absolutely
small negative entries.
This observation brings up some questions:

@ How small could these entries be?

@ What is their distribution?

@ When such a matrix looses the Perron-Frobenius property?

Tarazaga et' al gave a partial answer to the first question by
providing a sufficient condition for the symmetric matrix case:

el Ae > (n—12+1||Allr, e=(11--- 1)T
o P. Tarazaga, M Raydan and A. Hurman, Perron-Frobenius

theorem for matrices with some negative entries, Linear
Algebra Appl. 328 (2001), 57-68.
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Extension of the Perron-Frobenius theory

Our aim is:

@ To answer implicitly the above questions by extending the
Perron-Frobenius theory of nonnegative matrices to the
class of matrices that possess the Perron-Frobenius
property.

@ To Study when and in which applications, this theory can be
applied.

D. Noutsos. On Perron-Frobenius property of matrices having
some negative entries. Linear Algebra Appl. 412 (2006), 132-153.
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Extension of the Perron-Frobenius theory

Definition (12)

A matrix A € R™" possesses the Perron-Frobenius property if its
dominant eigenvalue \; is positive and the corresponding
eigenvector x(1) s nonnegative.

Definition (13)

A matrix A € R™" possesses the strong Perron-Frobenius property
if its dominant eigenvalue A; is positive, simple

(A1 > |Ail, i=2,3,---,n) and the corresponding eigenvector x(1)
is positive.

Definition (14)

A matrix A € R™" is said to be eventually positive (eventually
nonnegative) if there exists a positive integer ko such that AX > 0
(Ak > 0) for all k > ko.




Extension of the Perron-Frobenius theory

Theorem (24)

For a symmetric matrix A € R™" the following properties are
equivalent:

(i) A possesses the strong Perron-Frobenius property.

(ii) A is an eventually positive matrix.

Proof: (i = ii): A1 = p(A) > |A2| > [A3| > -+ > |An|, where \;
is a simple, with the eigenvector x(!) € R™ being positive.
Choose the i column al) € R" of A.

Expand a(): a() = > cix).

¢ = (a(i),xU)), j=1,2,...,n, S0, ¢ = (a(i),x(l)) = Alxl-(l) > 0.
Apply Power method: limy_o AKal) > 0= Akal) > 0 vk > m.
Choose mg = max; {m | Akal) > 0V k > m} , then, Ak > 0 for
all k > kg = mg + 1. So, A is an eventually positive matrix.
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Extension of the Perron-Frobenius theory

(i = i): From the Perron-Frobenius theory of nonnegative
matrices, the assumption AX > 0 means that the dominant
eigenvalue of AX is positive and the only one in the circle while
the corresponding eigenvector is positive. It is well known that
the matrix A has as eigenvalues the k" roots of those of A¥
with the same eigenvectors. Since this happens Vk > kp, A
possesses the strong Perron-Frobenius property.
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Extension of the Perron-Frobenius theory

Example (7)
-1 8 -1
Let A = 8 8 8
-1 8 8

el Ae =45, /(n—1)2 4 1||A|F = 43.9886.

AR >0, k>2
A1 = 17.5124, \y = —7.4675, A3 = 4.9551,
x = (0.2906 0.7471 0.5978)".

A possesses the strong Perron-Frobenius property.
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Extension of the Perron-Frobenius theory

Example (8)
4 8 —4
While if A= 8 8 8
-4 8 8

el Ae =36, \/(n—1)2+ 1||A||f = 46.4758.

AK >0, k>8
A1 = 16.4950, X\, = —10.9018, A3 = 6.4059,
x = (0.1720 0.7563 0.6312)".

A possesses the strong Perron-Frobenius property.
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Extension of the Perron-Frobenius theory

Theorem (25)

For a matrix A € R™" the following properties are equivalent:

i) Both matrices A and AT possess the strong Perron-Frobenius
property.

i) A is an eventually positive matrix.

iii) AT is an eventually positive matrix.
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Proof: (i = ii): Let A= XDX~! be the Jordan canonical form
of the matrix A. We assume that the eigenvalue A\; = p(A) is
the first diagonal entry of D. So the Jordan canonical form can
be written as

N 0 "
ECY 1] ’
[X ‘anfl] |: 0 ‘ anl,nfl :| |: Ynfl,n :| ’ (25)

where y(l)T and Y,_1 , are the first row and the matrix formed
by the last n — 1 rows of X1, respectively. Since A possesses
the strong Perron-Frobenius property, the eigenvector x(1) is
positive. From (25), the block form of AT is

A 0
T _1.,1) 1‘
W)y, lnl[ODnlnl}

The matrix D,T_L ,—1 1s the block diagonal matrix formed by the
transposes of all Jordan blocks except A;. It is obvious that
there exists a permutation matrix P € R"~1"~! such that the
associated permutation transformation on the matrix DnT_L 1
transposes all the Jordan blocks.
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. (26)
X 1

n,n—



Thus, Dp_1,n-1 = PTD,;’—_Ln_lP and relation (26) takes the form:

T _ 1) 0 )\1 ‘ 0 1 ‘
AL = b 1"]{ PHOPHOnlnl 0[P
1 O X(l)T _ (]_) yT
|:0 P :| |:Xn,n1 :| B [y |Y 1"] Dy 1,n—1 Xr/1Tn 1
where Y.' ) =Y.l Pand X!, _; =PTX] ;. The last

relation is the Jordan canonical form of AT which means that y(1)
is the eigenvector corresponding to the dominant eigenvalue A;.
Since AT possesses the strong Perron-Frobenius property, y() is a
positive vector or a negative one. Since y(l)T is the first row of
X~ we have that (y(1), x(1)) = 1 implying that y(!) is a positive
vector.

We return now to the Jordan canonical form (25) of A and form
the power AK.
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M| o 7
AR = [xD|X, - L AR
[X ‘ " 1] 0 ‘ Drl:—l,n—l L Yn—l,n

or

1 1| 0 17 o7
7Ak— (1) Xnn Yy )
v ] 1][01951“ [Yn_l,n}

Since A1 is the dominant eigenvalue, the only one of modulus A1,
we get that limy o 3¢ Dy ; , 1 = 0. Thus,
1 b

lim —Ak (1)y(1)T >0

k—o00 1
The last relation means that there exists an integer kg > 0 such
that Ak > 0 for all k > kg. So, A is an eventually positive matrix
and the first part of Theorem is proved.
(ii < iii): Obvious from Definition (14)
(ii = i): The proof is the same as that of Theorem (24), by
considering that A and AT are both eventually positive matrices.
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Extension of the Perron-Frobenius theory

Theorem (26)

Let that A € R™" is an eventually nonnegative matrix. Then, both
matrices A and AT possess the Perron-Frobenius property.

Proof: Analogous to the proof of the part (ii = i) of Theorem
(24).

Theorem (27)

Let that both the matrices A € R™" and AT possess the
Perron-Frobenius property, with the dominant eigenvalue
A1 = p(A) being the only one in the circle |\

(A1 > |Ail, 1=2,3,---,n). Then,

1
lim Ak = MONONSY) (27)
e A

Proof: Analogous to the proof of part (i = ii) of Theorem: (25).



Extension of the Perron-Frobenius theory

In concluding, it is noted here that the class of the eventually
positive matrices is a subclass of the class of matrices possessing
the strong Perron-Frobenius property, while the class of the
eventually nonnegative matrices is a subclass of the class of
matrices possessing the Perron-Frobenius property. This is shown
by the following example.

Example (9)
1 21
The matrix A=| —4 1 1 | has dominant eigenvalue
-4 5 8

8.5523 with eigenvector (0.1618 0.1211 0.9794) 7. The cor-
responding eigenvector of AT is (0.07308 — 0.5371 — 0.8404)7.
As one can readily see, A possesses the strong Perron-Frobenius
property while AT does not. According to Theorem (25), A is
not an eventualy positive matrix. This is easily checked by
seeing that the first column vector of A, k > 2 is negative. )
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Row sums and spectral radius

Theorem (28)

If AT € R™" possesses the Perron-Frobenius property, then either

> aj=p(A) ¥i=1(1)n, (28)
j=1
or

min Za,-j < p(A) < max Za,-j . (29)
i = i =

Moreover, if AT possesses the strong Perron-Frobenius property,
then both inequalities in (29) are strict.

Dimitrios Noutsos Perron Frobenius theory



Row sums and spectral radius

Proof: Let (p(A), y) be the Perron-Frobenius eigenpair of the
matrix AT and e the vector of ones. Then,

2}1:1 aj

T T 2}1:1 a2j
. i=1 i=1

Ej’?:1 anj

yTAe—Z y,Za,J >m|n Zau Zy,

i=1

On the other hand we get
yTAe=e"ATy = p(A)ey = p(A Zy,

Combining the relations above, we get our result. Obviously,
equality holds if the row sums are equal. If AT possesses the
strong Perron-Frobenius property, then y > 0 and the

inequalities become strict.
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Row sums and spectral radius

Note that it is necessary to have max; (Z}’Zl a,-j) >0, but it is

not necessary to have min; (Z" a,-j> > 0 as is shown in the

Jj=1
following example.

Example (10)

Let
1 1 -3
A= —4 1 1
8 b 8

The vector of the row sums of Ais (=1 —2 21)7, while AT
possesses the strong Perron-Frobenius property with the

Perron-Frobenius eigenpair:
(6.868 , (0.4492 0.6225 0.6408)7).
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Column sums and spectral radius

Corollary (7)

If A € R™" possesses the Perron-Frobenius property, then either

> a5 =p(A) Vj=1(1)n, (30)
i=1

mjin <Z a,-j> < p(A) < mJax (Z a,-j> . (31)
i=1 i=1

Moreover, if A possesses the strong Perron-Frobenius property,
then both inequalities in (31) are strict.
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Weighted row sums

Theorem (29)

If AT € R™" possesses the Perron-Frobenius property and
x € R™" x > 0, then either

N apx;
L3 _ iy i = 1), ()
Xi
or
N aiix; W aix
] Xi ] Xi

Moreover, if AT possesses the strong Perron-Frobenius property,
then both inequalities in (33) are strict and

n n
DR : D=1 AijXj
sup ¢ min | —/——— = p(A) = inf { max [ —=——
x>0 i X x>0 i Xi
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Monotonicity properties

Two questions come up:
@ What happens to the monotonicity in case the matrices
possess the Perron-Frobenius property?

@ Does the property of “possessing the Perron-Frobenius
property” still hold when the entries of A increase, as it does
in the nonnegative case?

Theorem (30)

If the matrices A, B € R™" are such that A < B, and both A and
BT possess the Perron-Frobenius property (or both AT and B
possess the Perron-Frobenius property), then

p(A) < p(B). (34)

Moreover, if the above matrices possess the strong
Perron-Frobenius property and A # B, then (34) becomes strict.
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Monotonicity properties

Proof: Let x,y > 0 be the Perron right and left eigenvectors of
A and B associated with the dominant eigenvalues Ay and Apg,
respectively. Then the following equalities hold

yTAx = day"x, y"Bx = Xgy'x.
Since A< B, B= A+ C, where C > 0. So,
Aey x =y " Bx=yT(A+CO)x = yTAx+yTCx > yTAx = Ay T x.

Assuming that y T x > 0, the above relations imply that

AB > Aa. The case where y " x = 0 is covered by using a
continuity argument and perturbation technique.

It is also obvious that the inequality becomes strict in case the
associated Perron-Frobenius properties are strong.
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Monotonicity properties

This property does not guarantee the existence of the
Perron-Frobenius property for a matrix C (A < C < B).

Example (11)

1 2 -2 1 2 -1
A=| -4 1 1 |, c=|-41 1 |,
-2 5 8 ~15 8
1 2 1
B=| -1 1 1
1l 5 8

A possesses the Perron Frobenius property.

C possesses the Perron Frobenius property.

CT does not possess the Perron Frobenius property.
BT possesses the Perron Frobenius property.

p(A) =8.6499, p(C) = 8.6464, p(B) = 8.6548.
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Monotonicity properties

Theorem (31)

Let (i) AT € R™" possesses the Perron-Frobenius property and

x >0 (x # 0) be such that Ax — ax > 0 for a constant o > 0 or
(i) A € R™" possesses the Perron-Frobenius property and x > 0
(x # 0) be such that xT A — axT > 0 for a constant o > 0. Then

a < p(A). (35)

Moreover, if Ax —ax >0 or xT A— ax' > 0, then the inequality
in (35) is strict.

Proof: (i): Let y > 0 be the Perron eigenvector of AT. Then,
yT(Ax —ax) > 0 <= (p(A) —a)y x> 0.

If y"x > 0, then (35) holds. If y "x = 0 we recall the
perturbation argument. If Ax — ax > 0, (35) becomes strict.
(ii) The proof is similar.
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Monotonicity properties

Theorem (32)

Let (i) AT € R™" possesses the Perron-Frobenius property and
x > 0 be such that ax — Ax > 0 for a constant o > 0 or

(i) A € R™" possesses the Perron-Frobenius property and x > 0
be such that ax” —xT A > 0 for a constant o > 0. Then

p(A) < a (36)

Moreover, if ax — Ax > 0 or ax” —xTA > 0, then the inequality
in (36) becomes strict.

We remark that the condition x > 0 is necessary. This is because
for x > 0 such that Ax = 0, the condition ax — Ax > 0 holds for
any a > 0, but the inequality (36) is not true for all & > 0.
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Monotonicity properties

Theorem (33)

Let A € R™" possesses the Perron-Frobenius property with x > 0
the associated eigenvector and let y # 0 such that yTx > 0.
Then, the matrix

B=A+exy!, ¢>0 (37)

possesses the Perron-Frobenius property and for the spectral radii
there holds

p(A) < p(B). (38)

Moreover, if A possesses the strong Perron-Frobenius property,
then so does B.
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Monotonicity properties

Proof: Let p(A) = A1 > |\2| > -+ > |A,] be the eigenvalues of

A. Consider first that: The Jordan canonical form of A is

diagonal. Let x(), j =1,2,--- n, be the linearly independent

eigenvectors of A corresponding to \; where x(1) = x. Then,
Bx = (A+exy”)x = (p(A) + ey x) x.

Thus, p(A) + ey " x eigenvalue of B, and p(A) < p(B). Let

. A1 —>\,'+6yTX

) = x — x| o = .y xW £ 0.

ey Tx()
Then,

B% = (A+exy T )(x—aix®) = (A1+ey T x—aiey " xD)x—Xjaix) = Aj(x—a;x()
Thus \; eigenvalue of B. If y"x() = 0 we chose x() = x(),

while if \; = A1 we chose o; = ny;;((,.), to get the same result.

Remark (2)

Based on continuity properties we can conclude that the last result
is valid also for a cone of directions around xy " .
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M matrices

Definition (15)
A matrix A € R™" is said to be a Z matrix if its diagonal entries
are nonnegative and its off diagonal entries are nonpositive.

Definition (16)
A matrix A € R™" is said to be an M matrix if it can be written in
the form

A=sl—B, B>0, s> p(B).

Obviously, an M matrix is a Z matrix.

Definition (17)

A matrix T € R™" is said to be convergent if

p(T) < 1.
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M matrices

Theorem (34)

A matrix T > 0 is convergent iff (I — T)™! exists and

(I-T)'= ZTk>o (39)

Proof: Let T be convergent, then from the identity
=T +T+T?+- 4+ T =1 T

we obtain (39), since limy_ T<t1 =0.
Conversely, if (I — T)~! exists and (39) holds, let x > 0 be such
that Tx = p(T)x. Then p(T) # 1 since (/ — T)~! exists and

_ 1
(I-Tx=1-p(Tx=(—-T)x= 1—7p(T)X'

Then since x > 0 and (/ — T)~! > 0, it follows that p(T) < 1.



M matrices

A matrix A € R™" is a nonsingular M matrix iff A is a Z matrix
and A1 > 0.

Proof: Let A be a nonsingular M matrix, then A is written as
A=sl—-B, B>0, s>p(B).

It follows that
1 1 NP 1& /1 0\
Al=(sI—-B)y'==(1--B == B} >o.
- =(1-;8) =3 (i8) 0

Conversely, if A is a Z matrix and A~! > 0, obviously A is
nonsingular and is written as A=s/ — B, B >0, s > 0. Then,
from A=t = 1 (/= 1B)™" > 0 and from Theorem (34) it follows

that %B is convergent, which means that p (g) <les>p(B)
and thus A is a nonsingular M matrix.
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M matrices

Theorem (36)

A matrix A € R™" is an irreducible and nonsingular M matrix iff A
is a Z matrix and A=% > 0.

Proof: Let A be a nonsingular M matrix, then A is written as
A=sl—-B, B>0, s>p(B),
where B is irreducible. Thus, BX > 0 for large enough k. Then,

1 1.\ o1& /1 )\
Alz(sl—B)1:s<l—sB> ZSZ<SB> > 0.
k=0

Conversely, if A is a Z matrix and A~! > 0, obviously A is
nonsingular and is written as A=sl — B, B > 0, s > 0. Then,
from A=t = % (1— %B)il > 0 and from Theorem (34) it follows
that %B is convergent, which means that p (%) <1< s> p(B)
and the powers B¥ are positive for large enough k. Thus, A is

an irreducible and nonsingular M matrix.
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Exercise (8)

Prove that any principal submatrix of an M matrix A € R™" js also
an M matrix.

Exercise (9)

Prove that the real parts of the eigenvalues of an M matrix
A € R™", are nonnegative.

Exercise (10)

Prove that the n x n Laplace matrix

2 -1 0
A— -1 2 0 ,
0 ©0 2

is a nonsingular M matrix.
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M matrices

Exercise (11)

Prove that the n X n matrix
2 -2 0 0 0 7
-1 2 -1 0 0
0o -1 2 0 0
A= ,
0 0 0 2 -1
L0 0 o0 -2 2 |
is a singular M matrix.
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M matrices

Exercise (12)

Prove that the n X n matrix

2 -3 0 0 0 ]

_3 _3 0 0

2 2

0o -2 2 0 0
A: 2 . b

0 0 o0 2 -2

o 0 0 o 3 2

is not an M matrix.
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Stieltjes matrices

Definition (18)

A matrix A € R™" is said to be a Stieltjes matrix if it is Z,
symmetric and positive definite matrix.

A Stieltjes matrix A € R™" s a nonsingular M matrix.

Proof: Since A is positive definite, it is nonsingular. Since A is a
7 matrix, it is written as A=sl — B, B> 0, s> 0. Let x>0
be the normalized eigenvector of B corresponding to p(B). Then

xTAx =sx"x —x"Bx =s—p(B) > 0= s> p(B).

Thus, A is an M matrix.
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Generalized M matrices (GM matrices)

A matrix A € R™" is said to be a GM matrix if it can be written as
A=sl — B, s > p(B), where B and BT possess the Perron
Frobenius property.

Theorem (38)

A matrix A € R™" is a nonsingular GM matrix iff A=* and A=T
possess both the Perron Frobenius property and all the eigenvalues
of A~! have positive real parts.

v

A. Elhashash, D. B. Szyld Generalizations of M-matrices which
may not have a nonnegative inverse Linear Algebra Appl., In Press,
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Applications of M and Stieltjes matrices

Ordinary and partial differential equations

Integral equations

Economics

Linear complementarity problems in operations research
Markov chains

Probability and Statistics
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Splittings of matrices

For the solution of the nonsingular linear system
Ax=b, AeR™, x,beR", (40)

consider the splitting
A=M-—-N, (41)

where M is nonsingular. Then (40) becomes
Mx = Nx + b < x = M~ "Nx+ M~'b.
This suggests us to use the iterative method
Mx<HD) = Nx() L b k=0,1,2,..., x©OeR"
or
) = M7 INxK) 4+ MYp, k=0,1,2,..., x(0)e R"
The above iterative scheme converges to the solution of (40) iff
p(M7IN) < 1.



Splittings of matrices

A splitting A= M — N is called:

e M-splitting if M is an M-matrix and N > 0,

o Regular splitting if M~ >0 and N > 0,

o Weak regular of 1st type if M~1 >0 and M~1N >0,
Weak regular of 2nd type if M~1 >0 and NM~1 >0,
Nonnegative of 1st type if M~IN > 0,

Nonnegative of 2nd type if NM~! >0,

*Perron-Frobenius of 1st type if M~'N possesses the PF
property,
o *Perron-Frobenius of 2nd type if NM~! possesses the PF
property,
*D. Noutsos. On Perron-Frobenius property of matrices having
some negative entries. 412 (2006), 132-153.
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Nonnegative splittings - Convergence Theorems

Theorem (39)

Let A€ R™" be a nonsigular matrix and the splitting A= M — N
be a nonnegative splitting of the first type. Then the following
properties are equivalent:

(1) p(M7IN) < 1

(2) A7IN >0

-1
(3) p(M~IN) = 20
(4) p(M~IN) = AL
(5) A~1M >0

(6) A7IN > M~IN.

Proof:
01=2: A IN=(M-N)IN=(-MIN)MIN >0,
since M~IN >0 and p(M~1N) < 1.
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Nonnegative splittings - Convergence Theorems

02=3: M IN=(A+N)IN=(I+AIN)1AIN > 0.

AIN>0= )= 1+(T1,¥/)\/)’ \ eigenvalue of M~1N.

M=IN>0= p(M~IN) = u’ 1 nonnegative eigenvalue of
AN, 71, increases for r 2 0, thus u = p(A~1N).

03=4: A IN=AYM-A) =AM~ = p(A~IN) =
Aa-1p — 1. Substituting it to property (3), we get

p(MIN) = M. (3) implies that p(M~1N) < 1, and
—1m

thus Ag-1py > 1. % increases for r > 1, thus
Ay = p(A7IM).

04=5: A IM=(M~-N)"M= (- MIN)"L From
property (4) we have p(M~1N) < 1, thus from Theorem
(34) we obtain that (/ — M~1N)~! > 0.

05=6: A IN=AM—I=(-M1IN)T1-|=
M=IN+ (M7IN)2 ... > MIN.

06=1: A IN=(—-MIN)"IMIN>MIN. Thus,
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Nonnegative splittings - Comparison Theorems

Theorem (40)

Let A€ R™" be a nonsingular matrix with A~* > 0 and

A= M; — Ny = My — N, be two convergent nonnegative splittings
of the first or of the second type, and x > 0, y > 0 the
Perron-Frobenius eigenvectors, respectively such that

Nox > Nix or Npy > Npy with y >0

then
p(M;EN) < p(My tNG). (42)

Moreover, if A=1 > 0 and N, # N, then

p(My Ny) < p(My M), (43)
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Nonnegative splittings - Comparison Theorems

Proof: Let T = Ml_lNl and Ty = I\/12_1N2. Assume Nox > Nipx,
Then

A Nox — A INix = (I — To) 2 Tox — (I — T1) 1 Tix
p(T1)

= (I-T) 1Tox— (T

x > 0.

From Theorem (22) we obtain that

p(T2) o p(Th)
1—p(T2) — 1-p(T)

p((I-T) 1) =

The monotinicity of the function f(z) = % implies that
p(T1) < p(Tz). The strict inequality is obvious.

The proof, when we assume Ny > Nyy, y > 0, is analogous,
using Theorem (23).
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Nonnegative splittings - Comparison Theorems

Theorem (41)

Let A€ R™" be a nonsingular matrix and

A= M; — Ny = My — N, be two convergent nonnegative splittings
of the first or of the second type, T1 = Ml_lNl, Ty = I\/I2_1N2 and
x > 0, y > 0 the Perron-Frobenius eigenvectors. If either Nyx > 0

or Nby >0 with y > 0 and if

Mt > Myt then

p(T1) < p(T2). (44)
Moreover, if Myt > Myt and No # Ny, then p(T1) < p(T2).

Proof: I\/ll_lle =Tix=p(T1)x & Myx = ﬁle > 0.

Ax = My(l = Ty)x = (1= p(T1))Myx = AT Ny x > 0.
(Mt — My D Ax = (I — Ti)x — (I — Ta)x = Tax — p(T1)x > 0.
From Theorem (22) we obtain p(T1) < p(T2).
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Perron-Frobenius splittings - Convergence Theorems

Theorem (42)

Let A€ R™" be a nonsigular matrix and the splitting A= M — N
be a Perron-Frobenius splitting, with x the Perron-Frobenius
eigenvector. Then the following properties are equivalent:

(1) p(M7IN) < 1

(2) AIN possesses the Perron-Frobenius property

-1
(3) p(MIN) = 50

(4) p(M71N) = LAt
(5) A~*Mx > x
(6) A~1Nx > M~1Nx.
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Perron-Frobenius splittings - Convergence Theorems

Theorem (43)

Let A€ R™" be a nonsigular matrix and the splitting A= M — N
is a Perron-Frobenius splitting, with x the Perron-Frobenius
eigenvector. If one of the following properties holds true:

(i) There exists y € R" such that ATy >0, NTy >0 and

yTAx >0

(ii) There exists y € R" such that ATy >0, MTy >0 and
yTAx >0

then

p(M7IN) < 1.
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Perron-Frobenius splittings - Comparison Theorems

Theorem (44)

Let A € R™" be a nonsingular matrix and A = M; — Ny,

AT = M] — N are two convergent Perron-Frobenius splittings of
the first and second type, respectively and x > 0, y > 0 the
Perron-Frobenius eigenvectors, such that

yTA1 >0, y"x>0 and Nox > Nix.

then
p(T1) < p(T2). (45)
Moreover, if yT A= > 0 and Nox # Nix, then

p(T1) < p(T2). (46)
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Perron-Frobenius splittings - Comparison Theorems

Theorem (45)

Let A€ R™" be a nonsingular matrix and A= My — Ny,

AT = MJ — N are two convergent Perron-Frobenius splittings of
the first and second kind, respectively and x > 0, y > 0 the
Perron-Frobenius eigenvectors, such that

Nix >0 and yTMl_1 > yTI\/l2_1, yTx>0.
Then
p(T1) < p(T2). (47)

Moreover, if yT M7t > yTM; 1 and Nyx # 0, the inequality is
y Vi 2
strict, while ii"yTl\/If1 = yTMgl, it becomes equality.
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Perron-Frobenius splittings

Example (12)

We consider the splittings
A:Ml—Nl:MQ—N2:M3—N3:M4—N4:M5—N5 where

3 -1 -1
A= -1 3 -1 |, M= ,
1 -1 3

O O W
o W o
w O O

3 -1 0 300
My = 1 30|, M= -1 3 0 |,
0 0 3 10 3
3 -1 -1 30 -1
Mi= |0 3 o], M= [0 3 o].
0o 0 3 10 3

The above splittings are convergent ones with

p(T2) =0.< p(Th) = p(Ts) = p(Ta) = 5 < p(Ts) = 0.4472.
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Perron-Frobenius splittings

Example

The first four splittings are Perron-Frobenius splittings while the
last one is a nonnegative splitting. The same holds for

AT =M — N[ =M] — N =m] —N] =Mm] — N/

1 < 2 : Both Theorems hold:

p(T2) < p(T1).
1 < 3 : Both Theorems hold:

p(T1) = p(T3).
3 < 2: The same with 1 < 2:

p(T2) < p(T3).
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Perron-Frobenius splittings
3 < 4: The same with 1 < 3:

p(T3) = p(Ta).

4 < 2: The same with 1 < 2:

p(T2) < p(Ta).

4 <+ 5 : Both Theorems hold with strict inequalities:

p(Ta) < p(Ts).

5« 2 : Theorem (44) holds with strict inequality:

p(T2) < p(Ts).
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The Stein-Rosenberg Theorem

Theorem (46)

Let the Jacobi matrix B = L + U be a nonnegative n X n matrix
with zero diagonal entries, where L and U are the lower and upper
triangular parts of B, respectively, and let L1 be the Gauss-Seidel
matrix. Then one and only one of the following mutually exclusive
relations is valid:

(i) p(B) = p(L1) = 0.

(i) 0 < p(L1) < p(B) < 1.

(iii) p(B) = p(L1) = 1.

(iv) 1 < p(B) < p(L1).

P. Stein and R.L.Rosenberg,
On the solution of linear simultaneous equations by iteration. J.
London Math. Soc. 23 (1948), 111-118.
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The Stein-Rosenberg theorem on nonnegative splittings

Theorem (47)

Let A€ R™" and the splittings A= My — Ny = M, — N, be both
nonnegative splittings, (I\/Il-_lN,- >0, i=1,2)and

M Ny > MyIN, >0, Ny # Ny, Ny #£0. (48)

Assume that the matrices M *Ny, T = My (Ny — No) and F = M 1N,
are up to a permutation, using the same permutation matrix, of the form

P: 0 T 0 F 0

=l 11 . 11 . 11

My Nl_(P21 0)’7-_(7—21 0)7 _<F21 0)(49)
with P11, Ti1 and Fi1 being k x k matrices (k < n), Pyy irreducible and
T11, F11 # 0. Then exactly one of the following statements holds:

(i) 0 < p(My " Ny) < p(My*Ny) < 1

(it) p(M5 " No) = p(My " Ny) = 1

(iii) p(My 1 No) > p(M;ENy) > 1.
If T11 = 0 the second inequality of (i) and the first one of (iii) become

equalities, while if F1; = Q the first inequality of (i) becomes equality.
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The Stein-Rosenberg thm on Perron-Frobenius splittings

Theorem (48)

Let A€ R™" and the splittings A= My — Ny = M, — N> be
Perron-Frobenius splittings of the second and first kind,
respectively, with y1, x> being the associated left and right Perron
eigenvectors and

M IN1xo > My Noxo >0, My Nixe # My Noxa # 0. (50)

Assume that the matrices I\/Il_lNl, T = Ml_l(Nl — N,) and
F=M; YN, are up to a permutation, using the same permutation
matrix, of the form

Py 0 Tii O Fin 0
16 11 _ 11 — 1

M N1—<P210>7 T_<T21 0>’F_<F21 0>
with P11, T11 and Fi1 being k x k matrices (k < n), Pﬂ

possesses the strong Perron-Frobenius property and Ti1, F11 # 0.
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The Stein-Rosenberg thm on Perron-Frobenius splittings

Theorem (continuous of 48)

Then exactly one of the following statements holds:

(i) 0 < p(My*Ny) < p(M;EN;) < 1

(ii) p(My ' No) = p(M;*Ny) = 1

(iii) p(My 1 No) > p(My1Np) > 1.

If T11 = 0 the second inequality of (i) and the first one of (iii)
become equalities, while if F11 = 0 the first inequality of (i)
becomes equality.

D. Noutsos
On Stein-Rosenberqg type theorems for nonnegative and
Perron-Frobenius splittings. Linear Algebra Appl. (2008), In

press.
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Applications to Systems of Differential Equations

Linear Autonomous Differential System:
dx
dt

whose solution (trajectory) is given by

— Ax(t), A€R™" x(0)=x€R", t>0,

x(t) = e"x t>0.

Characterize:

e Eventually exponentially nonnegative matrices

(eA >0 Vt > ty).

e Trajectories that become nonnegative at a finite time
(reachability of R1])

e Trajectories that remain nonnegative for all time thereafter
(holdability of R").
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Exponentially nonnegative matrices

Definition (19)

An n x n matrix A = [ajj] is called:

e essentially nonnegative (positive), if a;j > 0 (a; > 0) for all
i
@ exponentially nonnegative (positive) if Vt > 0,

2. thkAk
etA: - ZO (etA>0),.

k!
k=0
e eventually exponentially nonnegative (positive) if 3ty € [0, 00)
such that Vt > ty, e > 0 (e > 0). We denote the smallest
such nonnegative number by ty = to(A) and refer to it as the
exponential index of A.
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Exponentially nonnegative matrices

Theorem (49)

A € R"™" js exponentially nonnegative if and only if A is
essentially nonnegative.

If A is essentially nonnegative, then there exists o > 0 such that
A+ «al > 0. Hence, as A and a/ commute, we have that for all
t >0,

etA — e—talet(A+al) — e—taet(A+al) > 0.

Conversely, let etA >0 forall t > 0. Looking for contradiction
suppose that a;; < 0 for some i # j. Then, denoting the entries of

AK by a(k) we have

2 3
(etA)U:taU+2| ()+3 ()
Thus, letting t — 0" we have that for some t > 0, (e®);; < 0, a
contradiction.
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Eventually exponentially positive matrices

Theorem (50)

For a matrix A € R"™" the following properties are equivalent:
(1) There exists a > 0 such that both matrices A+ al and
AT 4 al have the strong Perron-Frobenius property.

ii) A+ al is eventually positive for some o > 0.

iii) AT 4+ al is eventually positive for some o > 0.

iv) A is eventually exponentially positive.

v) AT is eventually exponentially positive.

(
(
(
(

D. Noutsos and M. Tsatsomeros
Reachability and holdability of nonnegative states. STAM
journal on Matrix Analysis and Applications, (2008) In press.
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Eventually exponentially positive matrices

Proof: The equivalence of (i), (ii) and (iii) is given by Theorem
(25) applied to A+ al. We will prove the equivalence of (ii) and
(iv), with the equivalence of (iii) and (v) being analogous:
Let A+ al be eventually positive and let kg be a positive
integer such that (A+ al)* > 0 for all k > ko. Then there exists
large enough tp > 0 so that the first ky terms of the series

t(At+al) _ — t"(A+al)"
€ N mzzo m!

are dominated by the remaining terms, rendering every entry of
et(A+al) positive for all t > to.

It follows that e = e~ tet(Atal) 5 0 for all t > t;. That is, A
is eventually exponentially positive.
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Eventually exponentially positive matrices

Conversely, suppose A is eventually exponentially positive. As
(eA)k = A it follows that e? is eventually positive. Thus, by
Theorem (25), e has the strong Perron-Frobenius property.
Recall that
o(e?) ={e* : A e o(A)}
and so p(e?) = e* for some A € o(A). Then for each i € o(A)
with pu # A\, we have
e)\ > ’e,u’ — |eReu+iImu‘ — ‘eReu| X ’eilmu‘ — eRe;L.
Hence ) is the spectral abscissa of A, namely,
A>Rep Vupeo(A), p#A
This means that there exists large enough o > 0 such that
Ata>|p+al YueolA), p#A

As A + al and e” have the same eigenvectors, it follows that
A+ al has the strong Perron-Frobenius property. By Theorem
25). we obtain that A + o/ is eventually positive.
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Eventually exponentially positive matrices

Example (13)

1 1 1 1
1 1 1 1
Consider the matrix A = 111 1 observe that

1 0 1 1

2 3 4 4 5 0 13 13

, |2 3 4 4 s |5 9 13 13

A= 01 2 2|’ A= 1 3 5 5

1 2 3 3 36 9 9

A is an eventually positive matrix with kg = 3, thus A is an
eventually exponentially positive matrix. It is confirmed by
computing e for t = 1,2:

5.04 6.36 8.68 8.68 71.27 134.14 198.02 198.02
4.04 7.36 8.68 8.68 70.27 135.14 198.02 198.02
—0.47 279 5.04 4.04 |’ 18.50 45.38 71.27 70.27
2.79 357 636 7.36 4538 88.76 134.14 135.14
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Eventually exponentially nonnegative matrices

Theorem (51)

For a matrix A € R™" the following properties are equivalent:

(i) There exist a1, ap > 0 such that both matrices A+ a1l and
A+ apl are eventually nonnegative.

(ii) There exist a1, ap > 0 such that both matrices AT + oyl and
AT + ayl are eventually nonnegative.

(iii) A is eventually exponentially nonnegative.

(iv) AT is eventually exponentially nonnegative.

Note that if there exist a1, o > 0 such that both matrices
A+ a1l and A+ apl are eventually nonnegative, then A+ al is
eventually nonnegative for all @ > min{az, az}.
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Eventually exponentially nonnegative matrices

Example (14)

01 1 -1 101 1
101 1 , o131
A=loo01 1" =00 22

001 1 00 2 2
111 -1 44 9 1
1111 , |44 1711

Atl=1002 1] A =100 1 13

001 2 0 0 13 14

Thus, A is eventually exponentially nonnegative matrix. For
illustration, we compute e for t = 1,2 to respectively be

154 118 234 -0.01 3.76 3.63 18.15 10.90
1.18 1.54 4.05 2.96 3.63 3.76 35.44 29.92
0 0 419 319 |’ 0 0 27.80 26.80

0 0 319 419 0 0 26.80 27.80
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Eventually exponentially nonnegative matrices

Example (15)

1 1 1 1 ok=1 k=1 jok=1 jok=1
g 1 1 1 1 Ak — k=1 ok=1  jok=1 pok=1
-1 11 1]|° - 0 0 =l =l
1 -1 1 1 0 0 =l gl
1 1 1 5 4 6 6
- 2 1 1 2 5 6 6
Atl=1 3 1 5 1| AN =1 5 5 5 4
1 -1 1 2 2 -2 4 5

A is eventually nonnegative but A + a/ is not, Va > 0. Thus, A
is not an eventually exponentially nonnegative matrix.

419 3.19 739 7.39 202.2 201.2 1210.3 1210.3

A 319 419 7.39 7.39 oA 201.2 202.2 1210.3 1210.3
-1 1 419 319 |’ -3 3 202.2 201.2

1 -1 319 4.19 3 -3 201.2 2022
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